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Abstract
Natural convection and radiation heat transfer of alumina (Al2O3)–water nanofluid are assessed in an enclosure under a

magnetic field in different angles. The enclosure is a cavity at an angle of 45� with respect to the horizon, and a circular

quadrant fin with the temperature Th is placed at the bottom corner of the cavity. The right wall is considered at the

temperature Tc, and the rest of the walls are defined as adiabatic. The governing equations of flow are solved using

algebraic finite volume method and the SIMPLE algorithm. In this work, the entropy generation is also evaluated other than

heat transfer. The parameters in the present work include Rayleigh and Hartmann numbers, radiation parameter, magnetic

field angle, nanoparticles volume fraction and aspect ratio. The results indicate higher Nusselt number and entropy

generation and a lower Bejan number for a higher Rayleigh number and a lower Hartmann number. Addition of 6% of the

nanoparticles causes an increase of 10% in the heat transfer rate and 11% in the entropy generation in the absence of

radiation. The addition of the radiation mechanism to the enclosure leads to an increase in the heat transfer rate and entropy

generation. It is also demonstrated that the vertical magnetic field is more intense than the horizontal magnetic field in the

enclosure. With an increase in the fin aspect ratio from 0.3 to 0.7, the rate of heat transfer and entropy generation increases

by 36 and 27%, respectively.
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h Convection heat transfer coefficient (W m-2 K-1)

Ha
Hartmann number Ha ¼ B0l

ffiffiffiffiffiffiffi

rf

qf#f

q

� �

k Thermal conductivity (W m-1 K-1)

l Enclosure length (m)

L Non-dimensional enclosure length

Nu Nusselt number

NuY Local Nusselt number

NuM Average Nusselt number

p Pressure (Pa)

P Non-dimensional pressure �Pl2=qnfa
2
f

� �

Pr Prandtl number ð#f=afÞ
r Radius of fin (m)

R Non-dimensional radius of fin

Rd Radiation parameter Rd ¼ 4reT
3
c

kfbR

� �

Ra Rayleigh number gbf l
3ðTh � TcÞ=af#fð Þ

STotal Total entropy generation

T Temperature (K)

u, v Velocity components (m s-1)

U, V Velocity component U ¼ ul=af ;V ¼ vl=afð Þ
x, y Cartesian coordinates in different directions (m)

X, Y Coordinates X ¼ x=l; Y ¼ y=lð Þ

Greek symbols
b Expansion coefficient (1 K-1)

a Fluid thermal diffusivity (m2 s-1)

u Volume fraction

f Irreversibility distribution ratio

f ¼ lnfT0

kf

af

L Th�TCð Þ

� �2
� �

x Angle of magnetic field (�)
h Temperature

l Dynamic viscosity (W m-1 K-1)

# Kinematic viscosity (m2 s-1)

q Density (kg m-3)

r Electrical conductivity (X m)

c Cavity angle (�)
w Stream function (m2 s-1)

W Dimensionless stream function

Subscripts
c Cold

h Hot

f Pure fluid

nf Nanofluid

Introduction

The closed enclosures are used in a variety of industries

such as solar collectors, aerospace industries and petro-

chemicals. Natural convection is heat transfer mechanism

in closed enclosures. Many researchers have already

investigated convective heat transfer in the enclosures or

tube due to high their application in industries [1–8].

Hence, the researchers attempt to enhance heat transfer in

the cavities. Two suitable techniques that increase the heat

transfer rate include the use of nanofluids and fins.

Nanofluids have higher thermal conductivity than simple

fluids lead to an increase in heat transfer [8–14]. The fins

increase the heat transfer due to the enhancement of the

heat exchange surface area [14–20]. Some researchers

examined the heat transfer by adding nanofluid and fin to

the enclosure simultaneously, e.g., Hashim et al. [21],

Sheremet and Pop [22], Khanafer et al. [23] and

Pordanjani et al. [24].

In most of the work, fins are rectangular and other

geometries have been used rarely. Selimefendigil [25] used

various parts of a circle as a fin to study the heat transfer

rate in a trapezoid cavity. They used silicon oxide/water

nanofluid and found that up to 16% enhancement in heat

transfer is obtained by changing the fin geometry.

The enclosures are placed under the magnetic field in

some applications in industries. The magnetic field is

produced using an electric current located next to the

enclosures. Therefore, studying the effect of magnetic field

on natural convection heat transfer in the enclosures is

necessary. Many researchers studied this problem [26–32].

The results of most papers show that increasing the mag-

netic field strength can reduce the heat transfer in the

enclosures. Mehryan et al. [33] studied natural convection

of iron oxide/water nanofluid in a closed cavity under a

magnetic field. Pordanjani et al. [34] investigated natural

convection of a nanofluid in a closed cavity under a mag-

netic field. They placed two squares fins inside the enclo-

sure and examined their effect on the heat transfer rate.

They presented that the heat transfer rate decreases with the

Hartmann number.

Regarding the high energy consumption in human

societies and the ending of fossil fuels, researchers have

considered the efficiency of various devices. They used the

second law of thermodynamics to examine the efficiency of

various devices. They have tried to increase their efficiency

by evaluating the entropy in engineering equipment.

Entropy represents the degree of irreversibility in a process,

and the entropy generation in various devices means an

increase in energy losses that is undesirable [35, 36]. The

researchers investigated the efficiency of enclosures by

considering the entropy generation [27, 29, 37–40].
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Pordanjani et al. [41] studied natural convection of alu-

mina/water nanofluid in a closed cavity under a magnetic

field under the boundary conditions of adiabatic upper and

lower walls and a cold right wall. They applied different

temperature profiles on the left wall to study heat transfer,

entropy generation and Bejan number. They found that the

entropy generation and the heat transfer rate increase with

Ra and decrease with Ha. Radiation heat transfer is a

mechanism of heat transfer that has many applications in

heating industries, especially in solar collectors. This type

of heat transfer has been less considered by the researchers.

However, some researchers have investigated the radiation

effect in the enclosures [42–49]. Tighchi et al. [50]

investigated natural convection and radiation in a closed

cavity. They put a thin fin on the left wall and examined the

impact of the fin. Sobhani et al. [51] studied natural con-

vection and radiation heat transfer in a square enclosure

with a fined hot wall. The cavity had up and bottom

insulated walls, right hot wall and left cold one. They

studied the effect of fin and optimized it. Sheikholeslami

and Seyednezhad [52] investigated natural convection and

radiation heat transfer of ethylene glycol/iron oxide nano-

fluid in a closed enclosure and found that heat transfer

increases by increasing the radiation parameter.

Natural convection and radiation have many applica-

tions in solar industries, such as solar collectors, water

desalination, fruit dryers and water heaters. Also, since

some of these devices are exposed to the magnetic field, the

study of the magnetic field on the heat transfer rate is also

necessary. The study of entropy generation is one of the

suitable strategies to evaluate the efficiency of the system.

In the present work, natural convection and entropy gen-

eration of alumina/water nanofluid in a square cavity under

an angled magnetic field with volumetric radiation are

investigated. There is a hot circular quadrant fin in the

lower area of the left wall, which is the main objective of

the present work. Since the simulation of this type of the

geometries is difficult, the circular geometry is less con-

sidered. The effect of all the above-mentioned parameters

and circular quadrant fin on the heat transfer and entropy

generation is the unique contribution of the present work.

In this paper, the effect of Rayleigh numbers, Hartmann

number, radiation parameter, magnetic field angle and

aspect ratio on heat transfer rate, entropy generation and

Bejan number is investigated and the results are expressed

in different diagrams and tables.

Problem setup

The studied geometry including an inclined two-dimen-

sional cavity with alumina/water nanofluid is displayed in

Fig. 1. The up, bottom and left walls are insulated. The

right wall is at temperature Tc. A quarter circular fin with

temperature Th is placed at the bottom of the left wall. The

enclosure has an angle of c = 45� with respect to the

horizon. A magnetic field of B0 and angle of x is applied to

the enclosure. The length and height of the cavity are equal

to L, and a buoyancy force is formed due to the temperature

difference. The buoyancy force is estimated by Boussinesq

approximation.

Mathematical model

The non-dimensional governing equations for the fluid flow

are as follows. These equations are written using the

assumption of a steady and laminar flow and Newtonian

and incompressible fluid. Also, volumetric forces are

neglected except the gravitational and magnetic forces. The

viscous dissipation is also ignored [34, 53]:

dU

dX
þ oV

oY
¼ 0 ð1Þ

U
oU

oX
þ V

oU

oY
¼ � oP

oX
þ lnf

qnfaf

o2U

oX2
þ o2U

oY2

� �

þ qf

qnf

rnf

rf

PrHa2 V sinx cosx� U sin2 x
� �

þ bnf

bf

RaPrh sin c

ð2Þ

L

R
Y X

Fig. 1 A schematic of the problem under investigation
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U
oV

oX
þ V

oV

oY
¼ � oP

oY
þ lnf

qnfaf

o2V

oX2
þ o2V

oY2

� �

þ qf

qnf

rnf

rf

PrHa2 U sinx cosx� V cos2 x
� �

þ bnf

bf

RaPrh cos c

ð3Þ

U
oh
oX

þ V
oh
oY

� �

¼ anf

af

o2h
oX2

þ o2h
oY2

� �

þ 4

3

knf=kf

qCPð Þnf= qCPð Þf

knf

kf

� ��1

Rd
o2h
oY2

ð4Þ

Sgen ¼ knf

kf

oh
oX

� �2

þ oh
oY

� �2
 !

þ f 2
oU

oX

� �2

þ oV

oY

� �2
" #

þ oU

oY
þ oV

oX

� �2
( )

þ f
rnf

rf

lf

lnf

Ha2 U sinx� V cosxð Þ2 ð5Þ

The following parameters are used to non-dimension-

alize the governing equations and the boundary conditions

where the definitions of Rayleigh, Hartman, Bejan and

Prandtl numbers, radiation parameter and entropy genera-

tion are expressed.

X ¼ x

l
; Y ¼ y

l
; U ¼ ul

af

; V ¼ vl

af

; P ¼
�Pl2

qnfa
2
f

;

h ¼ T � Tc

Th � Tc

; L ¼ l

l
; R ¼ r

l

Pr ¼ #f

af

; Be ¼ Sgen;T

STotal

; Ra ¼
gbf l

3ðTh � TcÞ
af#f

;

Ha ¼ B0l

ffiffiffiffiffiffiffiffiffi

rf

qf#f

r

; Rd ¼ 4reT
3
c

kfbR

f ¼ lnfT0

kf

af

L Th � TCð Þ

� �2

ð6Þ

By considering radiation heat transfer, the following

term is added to the energy equation:

� 1

qCp

oqr

oy
ð7Þ

There are various methods to solve the above equation.

One of these methods is the Russland method. In this

method, the following equation is used instead of the value

expressed in Eq. (7):

qr ¼ � 4

3

re

bR

oT4

oy
; T4 ¼ 4T3

c T � 3T4
c ð8Þ

Non-dimensional boundary conditions are presented as

follows in Table 1.

The properties of nanofluid including r, q, b, cp and a
are calculated as:

rnf ¼ 1 � uð Þrf þ urs ð9Þ
qnf ¼ 1 � uð Þqf þ uqs ð10Þ
ðqbÞnf ¼ 1 � uð ÞðqbÞf þ uðqbÞp ð11Þ

qcp

� �

nf
¼ 1 � uð Þ qcp

� �

f
þu qcp

� �

s
ð12Þ

anf ¼
knf

qcp

� �

nf

ð13Þ

Most of the numerical correlations for thermal conduc-

tivity and viscosity of nanofluid depend only on the volume

fraction and do not depend on the temperature. However,

since they depend on both the temperature and nanoparti-

cles volume fraction, the Vajjha model [54] is used in the

present work, which also considers the influence of

Brownian diffusion. Brownian motion is one of the domi-

nant physical phenomena on nanofluids, and the simula-

tions lead to errors if this motion is not considered.

According to Vajjha model [54], the thermal conduc-

tivity coefficient involves thermal conductivity of station-

ary and Brownian motion, where kStatic is obtained from

Maxwell relation [55]. The nanofluid thermal conductivity

is determined as:

knf ¼ kStatic þ kBrownian

¼ ks þ 2kf � 2ðkf � ksÞ
ks þ 2kf þ ðkf � ksÞu

kf þ 5

� 104buqfðCpÞf

ffiffiffiffiffiffiffiffiffi

kT

qsds

s

f ðT;uÞ ð14Þ

Note that the subscripts f and s refer to water and Al2O3,

respectively, and the properties are presented in Table 2.

There are static and Brownian values for the viscosity

that the term lStatic is derived from the Brinkman rela-

tionship [56]. Finally, the viscosity relation is written as

Eq. 15:

Table 1 Non-dimensional governing boundary conditions

Left wall 0� Y � 1

X ¼ 0

	

U ¼ V ¼ 0 oh
ox
¼ 0

Right wall 0� Y � 1

X ¼ 1

	

U ¼ V ¼ 0 h ¼ 0

Up wall 0�X� 1

Y ¼ 1

	

U ¼ V ¼ 0 oh
oy
¼ 0

Bottom wall 0�X� 1

Y ¼ 0

	

U ¼ V ¼ 0 oh
oy
¼ 0

Fin X2 þ Y2 ¼ R2 U ¼ V ¼ 0 h ¼ 1
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lnf ¼ lStatic þ lBrownian

¼ lf

ð1 � uÞ2:5
þ 5 � 104buqfðCpÞf

lf

kfPr

ffiffiffiffiffiffiffiffiffi

kbT

qpds

s

f ðTuÞ

ð15Þ

where [56]:

f ðTuÞ ¼ 2:8217 � 10�2uþ 3:917 � 10�3
� � T

T0

� �

þ �3:0669 � 10�2u� 3:91123 � 10�3
� �

ð16Þ

b ¼ 8:4407 100uð Þ�1:07304 ð17Þ

By integrating the total solution range, STotal and aver-

age Bejan number are obtained:

STotal ¼
Z

SgendX ¼
ZZ 1

0

SgendXdY ð18Þ

BAve ¼
ZZ 1

0

BedXdY ð19Þ

NuY is used to determine the heat transfer on the cold wall

calculated as:

NuY ¼ hL

kf

þ NuRd ð20Þ

where h is defined as:

h ¼ qx

Th � Tc

ð21Þ

The heat flux is also expressed by Eq. (22):

qx ¼ knf

oT

oX

� �

ð22Þ

Considering the presence of radiation in the enclosure,

NuY is ultimately calculated as:

Nu ¼ � knf

kf

oh
oX

� �

þ 4

3
Rd

oh
oX

� �

¼ knf

kf

1 þ 4

3
Rd

kf

knf

� �

oh
oX

ð23Þ

NuM is obtained by integrating above equation over the

cavity cold wall as:

NuM ¼ 1

L

Z L

0

Nu x¼0;1ð ÞdY ¼ � 1

L

knf

kf

Z L

0

oh
oX

� �

x¼0;1ð Þ
dY

ð24Þ

Numerical method

Equations 1–5 and boundary conditions presented in

Table 1 are solved using FVM. The domain is discretized

using SIMPLE algorithm by a staggered grid which causes

a more simple calculating flow on the control volume and

also pressure calculation due to the known velocity of the

surfaces. The full details are given in Ref. [57]. Finally, the

code is implemented using FORTRAN software with the

convergence criteria given as:

U ¼
X

J

X

I

unþ1 � un

unþ1

























� 10�8 ð25Þ

To solve the equations, a 16 GB DDR4 RAM with a

CPU 3.6 was used. Due to the fineness of the mesh, the

approximate time of each hip lasts 40 min. In fact, the

mesh selection was based on the evaluation of the grid

independency. However, the running time of the code was

dependent on cases such as the activation of radiation heat

transfer, Rayleigh and Hartmann number. Regarding

Fig. 2, uniform gridding for enclosure was also used. In

order to create the domain of the simulated model, as

shown in Fig. 2, a square box was considered. Circum-

ference quadrant block is assumed to be zigzag. Cells that

are outside the range of the quadric circle have been

disabled.

Validation

For the code validation, the present results are compared

with four numerical and experimental studies. First, the

experimental results of Krane and Jessee [58] are consid-

ered. They investigated air flow in a cavity. The vertical

velocity profile is plotted in Fig. 3 showing the very good

agreement of the present results with the experimental

ones.

The second comparison is performed with

Ghasemi et al. [59]. The enclosure is under the magnetic

field. In Table 3, NuM is compared for Ra ¼ 105 and

Ha = 60 showing a good agreement.

The third comparison is done using the results of

Alnaqi et al. [42]. The results are presented in Table 4 for

three different radiation parameters showing a good

agreement.

Table 2 Thermophysical

properties of Al2O3 and water

[54]

CP/J kg-1 K-1 k/W m-1 K-1 q/kg m-3 l/kg m-1 s-1 r/X m-1 dS/nm

Water 4179 0.613 997.1 0.001 0.05 –

Al2O3 765 40 3970 – 10-12 47

Simulating natural convection and entropy generation of a nanofluid in an inclined enclosure… 3807
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Grid resolution test

For the grid independency assessment, the mean Nusselt

number and entropy generation are calculated for Ha = 20,

u = 0.03, Y = 0.6, AR = 0.5, Rd = 1, x = 45� and Ra ¼

105 for different grid resolutions (Table 5). It can be seen

that the grid resolution of 120 9 120 is enough for present

simulations and further increase does not change the

results.

Results and discussion

Variations of radiation parameter

Figure 4 illustrates the stream, isothermal and isentropic

lines for Ra ¼ 105;Ha ¼ 20;x ¼ 0;u ¼ 0:03;AR ¼ 0:5

for different radiation parameters. A clockwise vortex is

generated in the cavity due to the buoyancy effect. The

fluid is cooled in the vicinity of the cold wall, resulting in a

reduction in its molecular momentum, and as a result, its

molecules become closer together. Hence, the fluid density

increases in this area. The heavy fluid moves down and

replaced by low-density fluid. The same phenomenon

happens close to the fin: the fluid is heated in the vicinity of

the fin leads to a reduction in its density. The heated fluid

moves upward. With the continuation of these movements

of the fluid mass, a vortex is formed in the cavity results in

replacing the hot and cold fluids. This difference in density

creates a force called the buoyancy force. The higher the

density difference, the larger the buoyancy force results in

a faster movement of the vortex in the enclosure. By

enhancing Rd, the maximum amount of the stream function

increases. This value indicates the strength of the vortex.

Larger stream function causes the vortex circulates faster in

the cavity. When the radiation is considered in the enclo-

sure, another heat transfer mechanism is added into the

cavity leads to a higher heat transfer between the constant

temperature walls and the fluid. This means that the fluid is

hotter near the hot fin and colder near the cold wall.

Therefore, the density changes also increase. For a higher

radiation parameter, the curvature of the isothermal lines is

slightly increased. The main heat transfer mechanism can

be realized from the curvature of the isothermal lines.

Regular lines with low curvature mean conduction heat

transfer, and irregular lines with large curvature exhibit

convection. Enhancing the curvature of isothermal lines

means a higher heat transfer due to an increase in the

vortex velocity by increasing Rd. For a higher vortex

velocity, natural convection increases while conduction is

weakened. Since the increase in natural convection leads to

higher heat transfer rate, the addition of radiation to the

enclosure can also increase the rate of heat transfer. The

density of isentropic lines slightly rises. STotal includes the

thermal entropy generation depending on the temperature

gradient, entropy generation due to viscous dissipation

depending on the velocity gradient and also due to the

Fig. 2 The spatial discretization of the computational domain of the

square box

x/l
0.0 0.2 0.4 0.6 0.8 1.0

V

– 0.3

– 0.2

– 0.1

0.0

0.1

0.2

0.3 Krane and Jessee 
Present work

Fig. 3 The profile of vertical velocity component: comparison

between the present results and those of Krane and Jessee [58]

Table 3 Comparison between the NuM from the present simulations

and the one reported by Ghasemi et al. [59] for different volume

fractions of nanoparticles

u 0.0 0.02 0.04 0.06

Present work 1.927 1.915 1.907 1.809

Ghasemi et al. [59] 1.851 1.831 1.815 1.806

Error/% 4.1 4.5 5.0 0.1

Table 4 Entropy generation for different radiation parameters: a

comparison between the present results and the results of Alnaqi et al.

[42]

Rd = 0 Rd = 1 Rd = 2

STotal

Alnaqi et al. [42] 74.02 79.53 82.30

Present work 76.20 80.30 83.60

%
STotal�STotal; Alnaqietal: 42½ �

STotal
� 100

� �

Error (%) 3% 1% 0.3%
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magnetic field depending on the difference in velocities in

the horizontal and vertical directions. An increase in the

radiation parameter leads to an increase in the fluid

velocity of the enclosure results in an increase in the

velocity gradient and entropy generation. This also results

in the enhancement of STotal, which is concluded from the

relative increase in the density of isentropic lines.

NuY calculated on the cavity cold wall is displayed in

Fig. 5 for Ra ¼ 105;Ha ¼ 20;x ¼ 0;u ¼ 0:03;AR ¼ 0:5

and various radiation parameters. The local rate of heat

transfer enhances the radiation in the enclosure. For a

constant Rd, the heat transfer rate increases from the

bottom to the upper parts of the hot wall based on the

direction of the vortex. The hot fluid collides with the cold

wall in its upper part for the first time. Therefore, the

temperature gradient is high in this region, which causes a

higher rate of heat transfer. By the fluid movement across

the cold wall and losing its temperature, the temperature

gradient also reduces. Hence, the temperature gradient

decreases sharply in the lower parts of the wall and the

amount of heat transfer is also negligible. Adding radiation

to the enclosure enhance the rate of heat transfer. For a

higher the rate of radiation heat transfer, the Nusselt

number increases.

Table 5 Grid resolution test
Grid 60 9 60 80 9 80 100 9 100 120 9 120 140 9 140 160 9 160

Nuave 4.109 4.146 4.193 4.199 4.198 4.198

%ErrNuave 2.1 1.2 0.1 0 0 0

Wmaxj j 10.643 10.897 11.001 11.139 11.139 11.138

%Err Wmaxj j 4.4 2.1 1.2 0 0 0

STotal 6.137 6.356 6.401 6.417 6.417 6.416

%ErrSTotal 4.3 0.9 0.2 0 0 0

ψ

Rd = 0 Rd = 1 Rd = 2

T

S

–––

Fig. 4 Streamlines, isotherms and isentropic lines for Ra ¼ 105; Ha ¼ 20; x ¼ 0; u ¼ 0:03; AR ¼ 0:5 and different Rd
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In Table 6, the variations of NuM calculated on the cold

wall and STotal are displayed for Ra ¼ 105;Ha ¼ 20;x ¼
0:03;AR ¼ 0:5 for different nanoparticles volume fractions

and two radiation parameters. NuM increases with a higher

nanoparticles volume fraction. Thermal conductivity

enhances for a higher nanoparticles volume fraction. So,

higher heat transfer occurs between the fluid and the con-

stant temperature walls. For a higher nanoparticles volume

fraction, the thermal conductivity and the heat transfer rate

enhance. Entropy generation is related to the nanoparticles

volume fraction, and thermal conductivity increases with

the volume fraction. Thermal conductivity coefficient of

the nanofluid is effective in thermal entropy which

increases with the thermal conductivity coefficient. In

addition, an increase in the thermal conductivity causes

higher heat transfer between the fluid and constant tem-

perature walls leads to an increase in the density gradient in

the enclosure. Consequently, the buoyancy force and the

vortex velocity enhance in the enclosure, which ultimately

leads to velocity gradient. Entropy generation due to vis-

cous dissipation increases by increasing the velocity gra-

dient. The Nusselt number also rises significantly by

increasing the radiation parameter. This increase is due to

the addition of another heat transfer mechanism to the

cavity, which increases the heat transfer rate. An increase

in the radiation parameter leads to an increase in entropy

generation, but the increase is very low compared to the

Nusselt number. The vortex velocity boosts for a higher Rd

leads to the enhancement of velocity gradient, and viscous

dissipation entropy generation results in a higher STotal.

Variations of magnetic field angle

Figure 6 shows the streamlines, isotherms and isentropic

lines for Ra ¼ 105;Ha ¼ 20;Rd ¼ 1;u ¼ 0:03;AR ¼ 0:5

and different magnetic angles. The strength of the vortex

initially decreases and then increases by increasing x. In

general, the magnetic field induces the Lorentz force into

the fluid. This force reduces the flow rate of the fluid in the

cavity and reduces the buoyancy force. Changes x change

the angle of the Lorentz force. It can help the formation of

the vortex or prevent its formation. Since the inclination

angle and x are 45�, the Lorentz force prevents the for-

mation of the vortex and reduces its strength. This force is

less opposed to the formation of the vortex in the horizontal

and vertical enclosures, which is why the velocity is

reduced less. At the angles of the magnetic field that the

vortex is stronger, the isothermal lines are denser and more

curved. This is due to the faster velocity of the vortex leads

to higher natural convection. Furthermore, the density of

isentropic lines increases with the strength of the vortex.

This means that the entropy generation is higher due to

higher velocity gradient and faster vortex velocity in the

cavity results in a higher entropy generation due to viscous

dissipation resulting in a high STotal.

In Fig. 7, cold wall NuY is plotted for Ra ¼ 105;Ha ¼
20;Rd ¼ 1;u ¼ 0:03;AR ¼ 0:5 and different x. At a

constant x, NuY increases for a higher height. This is due

to the higher temperature gradient in the upper areas of the

cavity. In these areas, the hot fluid collides with the cold

wall for the first time results in a higher heat transfer. At

the angles of the magnetic field equal to 0� and 90�, the

Lorentz force causes the fluid to collide more with the cold

wall in the middle section of the wall. Hence, the tem-

perature gradient and consequently the Nusselt number

increase in these regions. In these situations, the Lorentz

force does not allow the motion of the fluid to the upper

section of the enclosure. Therefore, the temperature gra-

dient decreases. This can be observed from the figure.

Y

N
u Y

0.2 0.4 0.6 0.8

5

10

Rd = 0
Rd = 1
Rd = 2
Rd = 3

Fig. 5 Cold wall NuY for Ra ¼ 105;Ha ¼ 20;x ¼ 0;u ¼
0:03; AR ¼ 0:5 and different Rd

Table 6 Variations of cold wall NuM and STotal for Ra ¼ 105; Ha ¼
20; x ¼ 0:03; AR ¼ 0:5 and different volume fractions of nanopar-

ticles and two radiation parameters

u ¼ 0:00 u ¼ 0:03 u ¼ 0:06

Rd = 0

NuM 1.99 2.06 2.19

%
Nuu�Nuu¼0

Nuu¼0

� �

0.0 3.5 10

Stotal 5.85 6.09 6.50

%
Su�Su¼0

Su¼0

� �

0.0 4.1 11.1

Rd = 2

NuM 6.41 6.40 6.38

% NuRd�NuRd¼0

NuRd¼0

� �

222 210 191

Stotal 6.33 6.57 6.96

% SRd�SRd¼0

SRd¼0

� �

8.2 7.08 7.0
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Variations of aspect ratio

In Fig. 8, the streamlines, isotherms and isentropic lines for

Ra ¼ 105;Ha ¼ 20;Rd ¼ 1;x ¼ 0;u ¼ 0:03 and different

ARs are shown. The maximum stream function value

decreases by increasing the size of the fin. Two phenomena

occur by increasing the AR: first, the interior space of the

cavity to form the vortex becomes smaller. Consequently,

the flow fluid velocity decreases and the strength of the

vortex decreases. This is clearly observed from the flow

field. On the other hand, the size of the hot wall increases

with AR. As a result, the fluid remains more in the vicinity

of the hot wall and becomes hotter, resulting in higher

density differences in the enclosure and larger buoyancy

force. Since the weakening of the vortex is more than its

strength, its strength decreases by increasing AR. As AR

increases, the density of isothermal lines near the cold wall

and the hot fin increases. This indicates that the tempera-

ture gradient increases in these areas causing a higher heat

transfer rate. It also shows that the curvature of lines

becomes smaller and their regularity increases. The shape

of the lines represents the heat transfer mechanism. Thus,

the main heat transfer mechanism changes from convection

to conduction by increasing the size of the fin. The density

of isentropic lines increases initially and then decreases.

The temperature increases and the velocity gradient

decreases for a higher fin size. This means that thermal

entropy generation increases and the entropy generation

due to viscous dissipation decreases. Hence, STotal increases

or decreases due to velocity and temperature gradients. For

the initial increase in AR, the increase in the temperature

gradient is dominant and STotal increases. After an initial

increase in AR, STotal decreases.

In Fig. 9, cold wall NuY is plotted for Ra ¼ 105;Ha ¼
20;Rd ¼ 1;x ¼ 0;u ¼ 0:03 and different ARs. The heat

transfer rate increases in the upper section of the cold wall

by enlarging AR. The density of the isothermal lines

increases and the flow velocity decreases in the cavity with

AR. As the flow velocity decreases in the enclosure, the

heat transfer mechanism changes from convection to con-

duction. Since conduction heat transfer depends on the

distance between hot and cold sources, the conduction heat

transfer increases as the hot fin approaches to the cold wall.

This position makes the Nusselt number increases. In the

lower part of the wall, lower penetration of the flow causes

a weak heat transfer by increasing AR. Therefore, it has

ω  = 0 ω  = 45 ω  = 90

ψ

T

S

–

–
–

Fig. 6 Streamlines, isotherms and isentropic lines for Ra ¼ 105; Ha ¼ 20; Rd ¼ 1; u ¼ 0:03; AR ¼ 0:5 and different magnetic angles
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been seen that NuY decreases in the middle part of the wall

for a high AR.

Figure 9 shows the cold wall NuY for Ra ¼ 105;Ha ¼
20;Rd ¼ 1;x ¼ 0;u ¼ 0:03 and different ARs.

In Table 7, cold wall NuM is shown for Ra ¼ 105;Ha ¼
20;Rd ¼ 1;x ¼ 0;u ¼ 0:03 and different ARs. The heat

transfer rate enhances by increasing AR of the cavity due to

two reasons: (1) the heat source is larger with the increase

in the fin. Hence, the fluid is heating in a larger space, and

it can become hotter results in a higher temperature gra-

dient and therefore higher heat transfer rate. (2) Since the

conduction heat transfer is one of heat transfer mecha-

nisms, for a higher AR, higher conduction heat transfer is

occurred. So, the conduction heat transfer and NuM

increase by decreasing the distance between the heat source

and the cold wall. The heat transfer rate reduces for a

higher Ha and reduces the vortex velocity. The Lorentz

force prevents the velocity of the vortex by increasing the

magnetic field. As a result, the velocity decreases in the

cavity. This eventually leads to a reduction in the heat

transfer rate. As shown, NuM decreases with Ha.

In Table 8, STotal is displayed for Ra ¼ 105;Ha ¼
20;Rd ¼ 1;x ¼ 0;u ¼ 0:03 and different ARs. Entropy

generation increases for a higher size of the fin from 0.3 to

0.5. In this case, the heat exchanger surface increases

between the fluid and the fin and the fluid becomes warmer

due to increasing the size of the hot wall. This increases the

temperature gradient near the cold wall results in a higher

thermal entropy. On the other hand, the space for the for-

mation of the vortex is reduced and the strength and vortex

velocity decrease with AR. Consequently, the velocity

gradient in the cavity decreases. The entropy due to viscous

dissipation decreases by decreasing the velocity gradient.

As the size of the fin increases, thermal entropy generation

increases and the entropy due to viscous dissipation

decreases. For smaller sizes of the fin, the enhancement of

thermal entropy is more than that of the entropy due to

viscous dissipation, resulting in an increase in STotal. But

for large fins, the entropy due to viscous dissipation

decreases significantly and leads to a reduction in STotal due

to smaller space for the formation of the vortex. The

velocity and temperature gradients are reduced by

increasing Ha and decreasing the flow rate of the fluid in

the enclosure. Hence, thermal entropy and the entropy due

to viscous dissipation decrease leading to a reduction in the

STotal.

Variations of Hartmann and Rayleigh numbers

In Table 9, NuM calculated on the cold wall is plotted for

Rd ¼ 1;x ¼ 0;u ¼ 0:03;AR ¼ 0:5 and different Ha and

Ra. The heat transfer rate boosts with Ra. Ra represents the

buoyancy force. The vortex velocity increases and the

hydrodynamic boundary layer thickness formed on the

walls decreases by increasing the buoyancy force. The

thermal boundary layer thickness decreases by reducing the

hydrodynamic boundary layer thickness. As a result, the

temperature gradients increase near the walls and the heat

transfer rate increases. As Ha increases, Lorentz force

becomes stronger. The Lorentz force prevents the move-

ment of the vortex, and thus, the velocity of the vortex

decreases. Finally, the heat transfer rate is also reduced by

decreasing the vortex velocity.

In Table 10, STotal calculated for Rd ¼ 1;x ¼ 0;u ¼
0:03;AR ¼ 0:5 and different Ha and Ra is shown. As Ra,

the velocity of the vortex increases. The temperature gra-

dient also increases as described above. The entropy due to

viscous dissipation and thermal entropy increase by

increasing the velocity and temperature gradients, respec-

tively. STotal increases by increasing the entropy due to

viscous dissipation and thermal entropy. The entropy due

to viscous dissipation and thermal entropy decrease by

increasing Ha leading to a reduction in the STotal. This is

clearly observed from the figure. It is noteworthy that the

entropy of the magnetic field depends on Ha and increases

with increasing Ha. However, since Ha is multiplied by the

velocity difference, increasing Ha causes a reduction in the

fluid velocity. As a result, increasing Ha does not change

the entropy generation due to the magnetic field. In general,

the entropy due to the magnetic field is smaller than the

other two entropy parameters. The changes in STotal are
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Fig. 7 NuY calculated on the cold wall for Ra ¼ 105; Ha ¼
20; Rd ¼ 1; u ¼ 0:03; AR ¼ 0:5 and different angles of the mag-

netic field
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dependent on thermal entropy and entropy due to viscous

dissipation.

Table 11 shows the Bejan number for Rd ¼ 1;x ¼
0;u ¼ 0:03;AR ¼ 0:5 and different Ha and Ra. Be is

defined as the ratio of thermal entropy generation and

STotal. As Ra increases, all components of STotal increase.

This means that STotal increases greatly. This increase is

significant compared to the increase in thermal entropy.

Since the rate of enhancement of STotal is greater than that

AR = 0.3 AR = 0.5 AR = 0.7

ψ

T

S

–
–

–

Fig. 8 Streamlines, isotherms and isentropic lines for Ra ¼ 105;Ha ¼ 20;Rd ¼ 1;x ¼ 0;u ¼ 0:03 and different AR
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Fig. 9 Cold wall NuY for Ra ¼ 105; Ha ¼ 20; Rd ¼ 1; x ¼ 0; u ¼
0:03 and different AR

Table 7 Cold wall NuM in terms of AR for Ra ¼ 105;Ha ¼ 20;
Rd ¼ 1;x ¼ 0;u ¼ 0:03

Ha = 00 Ha = 20 Ha = 40

AR = 0.3 3.73 3.31 2.46

AR = 0.5 4.89 4.19 2.93

AR = 0.7 5.08 4.20 3.25

Table 8 STotal for Ra ¼ 105; Ha ¼ 20; Rd ¼ 1; x ¼ 0; u ¼ 0:03

and different AR

Ha = 00 Ha = 20 Ha = 40

AR = 0.3 6.04 5.51 4.11

AR = 0.5 7.28 6.41 4.40

AR = 0.7 6.94 5.72 4.14
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of thermal entropy, Be is reduced. This is evident from the

figure. As Ha increases, Be increases. The reason is that the

rate of reduction in the total entropy is higher than that in

thermal entropy. Hence, Be increases. As Ha increases,

STotal decreases dramatically results in a higher Be.

Conclusions

Natural convection and radiation heat transfer of a nano-

fluid including alumina and water in an enclosure under an

angled magnetic field were numerically investigated. A

circular quadrant fin was placed inside the enclosure and

the influence of fin on the heat transfer rate, entropy gen-

eration and the Bejan number and the following results

were obtained:

• By adding 6% of the nanoparticles to the base fluid in

the absence of the radiation parameter, due to the

increase in the thermal conductivity of the nanofluid,

the heat transfer rate and the entropy generation

increased by 10% and 11%, respectively.

• The heat transfer rate increases 3.2 times, and the

entropy generation boosts by 8.2% by increasing the

radiation precursor from 0 to 2.

• Increasing the size of the fin from 0.3 to 0.7 results in

36 and 27% increase in the Nusselt number and entropy

generation, respectively.

• Increasing the Rayleigh number led to an increase in the

heat transfer rate and total entropy generation, but

reduced Bejan number decreased.

• Unlike the Rayleigh number effect, increasing the

Hartmann number reduced the heat transfer rate and

entropy generation, while increased the Bejan number.
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