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Abstract—This paper examines the Weighted Multiobjective
Travelling Salesman Problem (WMTSP), presents particular
examples of the problem, and suggests using two local search
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I. INTRODUCTION

One of the most important problems of combinatorial
optimization problems is the Traveling Salesman Problem
(TSP) which is a challenge of determining the lowest cost to
visit a group of cities in a specific order, starting and ending in
the same place, and requiring that each city be visited precisely
once. The core of the problem was in the field of CO since it
was expressed theoretically (Birdawod, 2022). As general form
the TSP is asymmetric in data (Nawkhass & Birdawod, 2017).
This type of issue comes up when we deal with the time and
expense of traveling between places rather than the actual
distances between cities (Subhi & Ibrahim, 2018). The
difficulty of determining the path with the lowest cost and the
time required to reach the solution make TSP an NP-hard task
(Alazzam, Alsmady , & Mardini, 2020). In computer science,
the TSP is a common car routing problem (TSP). One important
and well-known COP is TSP. The Hamiltonian route problem
(HRP), in which a path in an undirected or directed graph is
committed to visiting every vertex exactly once, is comparable
to TSP (Abed and Al-Salami, 2021). In contrast, TSP is about a
salesman who is supposed to travel by going to every city that
is provided exactly once and then taking the quickest route back
to the beginning point (Hung, 2016).

On TSP, local search methods (LSMs) have been the
subject of numerous investigations. PSO method, one of the
primary optimization approaches, is used in Zhiping (Zhiping,
2017) suggested solution, which uses a multiobjective strategy.
Since the conventional PSO algorithm has a tendency to show
slow convergence rates and is vulnerable to local minimum
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problems, this approach is based on augmented cultural
mechanisms. The proposed algorithm gives minimal local value
occurrences with high convergence. Shuai et al. (Shuai,
Yunfeng, & Kai, 2019) investigated the MTSP in 2019 and used
the Genetic Algorithm (GA) to identify a viable solution. They
suggested adopting the NSGA-II framework because some of
the good GA operators minimum objective function of distance,
and minimum range between all salesmen. The resulting
solution is well-convergent, well-diversity non-dominated, and
good (perhaps optimal). The suggested algorithms' efficiency
and efficacy in solving the MTSP are demonstrated by
comparing their results with those of several state-of-the-art
techniques (Jameel and Al-Salami, 2023).

Jasim and Ali in 2019 (Jasim & Ali, 2019) they proposed two
LSM: Simulated Annealing (SA) and Genetic Algorithm (GA)
with improved GA (IGA) and Hybrid GA (HGA) to enhanced
the results of SA and GA to solve TSP. HGA proved its
efficiency compared with other methods for 5 < n < 2000. In
2022, Ahmed and Ali (Ahmed & Ali, The Best Efficient
Solutions for Multi-Criteria Travelling Salesman Problem
Using Local Search Methods, 2022) proposed two LSMs to
tackle the Multi-Criteria TSP (MCTSP) and obtain good
solutions: the BA and PSO. The outcomes of the PSO and BA
were contrasted with those of several heuristic techniques and
accurate techniques like BAB and complete enumeration
(Faaeq et al., 2018; Zaidan et al, 2024). The results showed that
for a high number of nodes (n), the two LSMs approaches were
effective. Furthermore, for n<700 jobs in a reasonable amount
of time, the suggested LSMs offered the most effective
solutions for the MCTSP (Al-Salami et al., 2023; Alsammarraie
et al., 2024).

The portions of this paper are as follows: The
Weighted Multiobjective Traveling Salesman Problem
(WMOTSP) formulation is shown in section 2. Section 3 proves
the problem's exceptional situations. Section 4 discusses a few
LSMs. Section 5 compares the outcomes of the LSMs
employed in this paper with a few heuristic and exact
approaches. Section 6 concludes with a discussion and
recommendations based on the findings.
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II. MATHEMATICAL FORMULATION OF THE WMOTSP
The mathematical model of WMOTSP is as follows:
MinZ = (Wd Di=1 Z?:l dijx;j +wg Di=1 Z?:l tijxij)
Subject to:
Z;}zl xij = 1, i = 1,2, e, N

"x:=1 j=12,..,n
Yi1 Xij J n ...(WMOTSP)

For new weights we choose w¢=0.33, 0.5, 0.67. The matrix
notation of the objective function (OBF) of problem
(WMOTSP) can be written as follows: Let and T = [tij]n be
the time matrix, D = [di j]nbe the distance matrix, while X =
[xif]n ,i,j =1,2,...,n, be the adjacency matrix (X = G(A4)) of
the graph G of the problem (WMOTSP).

Now let 0 = {py, p3, -, Pn_1}, be a vector with length (n —
1), sequence solution where € S, S is the set of all feasible
solutions (WMOTSP). Suppose we start with an end at city 1,
when p; € {2,3,...,n}, then the total OBF cost can be written
as:

Ve = C1o01) + 2157 Cooi+1) T Com-1

Ve = o +Ca(n—1),1+2?=_12 Co(i),o(i+1) ..(D)
Where V- is the cost of distance (V) or cost of time (V;), and
Cij = d;jort;;.

Then the objective function Z of MCTSP-problem can be
stated as follows:

Minimize V = (dy 51y + 257 doyo(i+) + dn-11 tro) +
Y teotien) F tao1,1) (2
Relation (2) will describe the cost of WMOTSP which is called
WMOTSP_COST algorithm. the WMOTSP_COST is as
follows:
Algorithm (0): WMOTSP_COST (o)
Step(1):INPUT: no, T=[t;],D=[dy], i,j=
1,2,..,n,wg; ,w, =1—wy,.
Step(2): V(1) =T(1,0(1)) + T(c(n),1);
Step(3): FORj =1:n—2
V) =V(@) +T(@(),o( + 1))
ENDFOR {j}
Step4): Z(1) = D(1,0(1)) + D(o(n),1);
Step(5): FORj =1:n—2
V(2)=V(2)+D(@(), ol + 1))
ENDFOR {j}
Step(6): OUTPUT: V = w, V(1) + w,iV(2)
Step(7): END.

III.  SPECIAL CASES FOR WMOTSP
Case (1): If d;; =d, Vi,j =12, ..,n, then the OBF is:
V=(n.wq.d+w, Y5, Y1, tx;;)
Proof:
V=(wg Xy Y= dijxij +wy Ximg Xieq tijxij)
= (wg.d X}, D=1 Xij + Wy Ximg Xieq tijxij)
= (Wd.d.n +w, Z?=127=1 tl-]-xi]-) = (n. wy.d +

W Niz1 D=1 tijxij)
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Case(2): Ift;; =t Vi,j =12,..,n,then the OBF is
V= wy Xy Xj=1dijxij + nowg. t
Proof:

V=(wq 2Py Y= dijxij +wy Ximg Xieq tijxij)
= (wa Xy Y= dijxij + we t X, Xiog xij)
= (Wd i Z’}:l dijx;j +wg.t. n) =

(Wd i Z};l dijx;j + n.wg. t)

From case (1) and (2), the WMOTSP becomes constant plus
single objective and we can use all the methods for single
objective to find the optimal and approximate solutions.

Cased): If d;j=dand t;; =t Vi,j=12,..,n,the
WMOTSP becomes

Z=(wa X, D=1 dijxij +we Xisg Xieq tijxij)

= (Wcl' d. 2oy Xi—1 Xij + W t Xieg Z;'l=1xij)

(wg.d.n +we.t.n) =n(wg.d + wg.t).

For this case any sequence is optimal sequence, so we have
(n-1)! sequences.

IV. UsING LSMS TO SOLVE WMOTSP

To identify the best solutions for WMOTSP, we have
employed two LSMs in this section: PSO and BA. Generally
speaking, LSMs work well for COP, particularly in big cities
(RibeiroKyle & Schlansker, 2003).

A. Particle Swarm Optimization (PSO)

Particle Swarm Optimization (PSO) is a technique that
has a lot of applications. In general, PSO is a good fit for any
application area where other evolutionary techniques excel
(Shi, 2004). Kennedy and Eberhard were the first researchers to
develop Particle Swarm Optimization (PSO) in 1995. PSO was
first developed in 1995 by Kennedy and Eberhard (Zhiping,
2017). PSO uses the information provided within a swarm to
improve an objective function. Every individual, or particle, is
a possible remedy. The best solution, also known as the global
best, is known to these solutions, and they modify their location
and velocity accordingly. The objective function for every
solution is formed by this interaction. Based on their locations
and velocities inside the swarm, we then investigate various
solutions to determine which is the best (Cergibozan, 2013).

B.  Bees Algorithm (BA)

Artificial intelligence (Al) is being utilized to investigate
distributed issue solving without the usage of a centralized
control system. This is regarded as a superior option than
centralized, rigid, and preprogrammed control. In ant colonies,
beehives, bird flocks, and animal herds, real-life Swarm
Intelligence (SI) can be observed.

To overcome the challenges, the population's self-
organization behavior must be changed. The BA is an
improvement method that finds the optimal solution by
analyzing the foraging behavior of honey bees (Pham,
Ghanbarzadeh, Koc, & Otri, 2006).
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V. PRACTICAL RESULTS OF APPLYING LSMS FOR SOLVING
problem (WMOTSP)

For using LSMs, we suggested:

LSM(0)

LSM(1)

To run the PSO and BA we use 100, 500 and 1000 iterations
forn =5, ...,10, forn = 11, ...,40 and for n = 60, ...,8000
respectively. PSO and BA have population size (20) solutions
as initial population, for PSO: C;=C,

The 1*tand 2™ solutions of the
Population are generated by MDTM

and MTDM

(Ahmed, Ali, Khalaf, & Sabri, 2023)
respectively, while the others are
generated randomly.

The population generated randomly.

=2, Voax

=2, Vmin =

—Vnax=—2. For BA:mm =5, ee = 2, nep =5, nsp = 3. For
three kinds of weights, we denote (0.33,0.67) by w1,
(0.67,0.33) by w2 and (0.5,0.5) by w3.

Four results tables are introduced to compare the results.
Table 1 and Table 2 shows the comparison just between the
PSO and BA, table 3 between them with BAB, tables 4 and 5

between them and other heuristic methods.

TABLE 1

Comparison between PSO(0) and PSO(1) for
problem (WMOTSP) ,n =5 :1000.

PSO(0) PSO(1)

n w;
AV,,) AT Aw(V,,) AT
wl 201 R 201 R
5 w2 186 R 186 R
w3 196 R 196 R
wl 348 R 356 R
10 w2 336 R 345 R
w3 343 R 344 R
wl 984 1.1 1704 1.1
40 w2 910 1.1 1629 1.1
w3 956 11 1739 L1
wl 1169 3.1 2758 32
60 w2 1170 32 2588 32
w3 1225 32 2754 32
wl 1493 42 3877 4.1
80 w2 1392 41 3641 42
w3 1504 42 3836 42
wl 1688 39 499.1 39
100 w2 1684 39 4669 39
w3 1783 39 490.1 3.9
wl 3834 116 16149 117
300 w2 3752 117 1537.0 117
w3 3899 11.6 15864 144
wl  580.1 195 27617 196
500 w2 5815 19.6 26451 19.6
w3 5957 19.6 27013 19.6
wl 7860 27.6 39024 275
700 w2 7854 27.6 37445 274
w3 790.0 27.6 38207 27.8
00 W1 9823 352 50457 357
w2 9773 346 48647 347
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w3 9948 348 49638 353

wl 1089.2 393 56252 394

1000 w2 10799 39.7 54188 395

w3  1091.0 394 5537.1 394
TABLE 2

Comparison between BA(0) and BA(1) for
problem (WMOTSP) ,n =5 :1000.

BA(0) BA(1)

n w;
AWV,,) AT AwV,,) AT
wl 201 R 201 R
5 w2 186 R 186 R
w3 196 R 196 R
wl 355 R 356 R
10 w2 339 R 349 R
w3 348 R 358 R
wl 971 R 1712 R
40 w2 898 R 1589 R
w3 937 R 1667 R
wl 1158 R 2698 R
60 w2 1157 R 2549 R
w3 1217 R 2630 R
wl 1488 R 3759 R
80 w2 1392 R 3559 R
w3 1503 R 3660 R
wl 1678 R 4847 R
100 w2 1679 R 4551 R
w3 1775 R 4737 R
wl 3834 R 15974 R
300 w2 3750 R 15211 R
w3 3899 R 15766 R
wl 5801 1.1 27409 1.1
500 w2 579.6 1.1 26106 1.1
w3 5954 1.1 26848 1.1
wl 7847 15 38622 15
700 w2 7849 1.5 37268 15
w3 789.0 15 38029 1.5
wl 9823 20 50253 1.9
900 w2 9760 1.9 48418 19
w3 9935 19 49393 1.9
wl 10884 22 56160 2.1
1000 w2 10799 22 53792 2.1
w3 1091.0 22 55160 2.1

TABLE 3

24

Comparison between BAB (Ahmed, Ali, Khalaf, & Sabri,
2023), PSO(0) and BA(0) for problem(WMOTSP), n =

4:22.
BAB PSO(0) BA(0)

n W;
" Aw(,,) AT AwV,,) AT AwV,,) AT
wl  19.1 R 1990 R 191 R
4 w2 189 R 189 R 189 R
w3 193 R 193 R 193 R
MV 19.1 R 199 R 191 R
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wl 31.2 R 31.2 R 31.2 R wl 317.0 36.6 383.4 11.6 3834 R
8 w2 292 R 292 R 292 R 300 w2 3188 32.8 3752 117 375.0 R
w3 306 R 306 R 306 R w3 3238 262 3899 116 3899 R
wl 506.3 328.4 580.1 19.5  580.1 1.1
MV 303 R 303 R 303 R 500 w2 5070 3309 5815 196 5796 1.1
wl 35.1 235 39.5 R 38.7 R w3 509.4 339.1 595.7 19.6 5954 1.1
12 w2 335 23.1 37.8 R 36.1 R wl 7042 12541 786.0 27.6 7847 1.5
w3 34.9 22.9 40.1 R 39.2 R 700 w2 703.4 1307.0 7854  27.6 785.0 1.5
w3 704.1 1262.1 790.0 27.6  789.0 1.5
MV 34.5 23.2 39.1 R 37.9 R
wl 40.9 127.6 46.2 R 46.2 R TABLE 5
16 w2 374 1.5 47.4 R 47.6 R Comparison between MMDTM (Ahmed, Ali, Khalaf, & Sabri,
w3 410 106 477 R 472 R 2023), PSO(0) and BA(0) for problem (WMOTSP), n =
MV 39.8 46.6 47.1 R 46.9 R 1000: 8000.
wl 47.4 86.3 58.8 R 56.8 R MMDTM PSO(0) BA(0)
20 w2 45.1 1.10 58.2 R 54.9 R nw
w3 47.2 7.6 59.0 R 57.1 R Av(Vap) AT Av(Va) AT Av(Vy,) AT
wl 10919 R 1089.1 39.3 10884 2.2
MV 468 46.6 >8.7 R 562 R 1000 w2 1080.7 R 1079.9  39.7 1079.9 2.2
wl 542 278 647 R 625 R w3 1091.0 R 1091.0 394 1091.0 2.2
22 w2 49.9 41.4 65.3 R 63.7 R wl 2089.1 R 20779 815 20775 9.1
w3 53.5 436.7 63.9 R 61.5 R 2000 w2 20786 R 20819 819 20819 56
w3 20954 R 2086.8 80.7 2086.8 9.0
MV 226 168.7 64.6 R 626 R wl 30850 R 3084.1 1285 3084.1 12.7
3000 w2 3079.6 R 3079.6 129.2 30789 8.3
From TABLE 3, we notice that BA(0) is more accurate to BAB w3 30900 R 3090.0 127.0 3089.2 7.1
than PSO(0). wl 40939 R  4092.7 2072 4092.7 113
The comparison between the results of PSO(0) and BA(0) 4000 w2 40847 R 40825 160.5 40825 13.3
with BAB are shown in Fig. (1). w3 40970 R 4097.0 163.0 4096.6 34.4
65 5 wl 50889 R  5084.1 2079 5084.1 15.1
—S e R 5000 w2 50860 R 50858 2089 50844 14.9
o [—oea P w3 50972 R 50972 2107 50972 15.1
s - P _ wl 60843 1.2 6083.5 2413 60833 224
g 4 6000 w2 60822 1.2 60822 2441 60822 25.7
|y 4,/'.’/‘// e w3 60949 1.2 60949 2475 6094.8 533
S s g wl 7086.8 1.9 7085.0 2924 7085.1 26.0
g” e Pt | 7000 w2 70845 1.7 70845 2893 70845 26.6
= LT e w3 70940 25 7093.0 2845 7093.0 256
£ ity wl 80858 2.6 80834 3757 80834 517
§ s 4._4/":/ -e” 1 8000 w2 8081.5 23 8081.5 3485 80815 31.9
20| T | w3 80919 22 80912 3344 80912 404
L From TABLE 5, we notice that BA(0) is the best method then
=r 7 PSO(0) and MDTM.
20k . Note: In Table (4.15) we notice that MMDA is didn't solve the
- problem in reasonable time for n = 900 and 1000.

Fig. (1): Comparison between BAB [12], PSO(0) and BA(0) for

n=4:4:20,22

problem (WMOTSP), for different n.

TABLE (4)
Comparison PSO(0) and BA(0) with MMDA (Ahmed, Ali,
Khalaf, & Sabri, 2023) for problem (WMOTSP), n =

100:700.
MMDA PSO(0) BA(0)
n w;
AWy AT AWVy) AT AWVy) AT
wl 138.4 1.9 168.8 39 167.8 R
100 w2 136.2 1.3 168.4 39 167.9 R
w3 142.7 1.9 178.3 3.9 177.5 R
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1)

2)

3)

4)

5)

VL

We proved some important special cases for our problem
to convert the complexity of our problem from NP-hard to
P-type.

We proposed two LSMs for WMOTSP to find
approximate solution such as PSO and BA

we compare these methods with exact method BAB from
n = 4:22 and we compare the results of PSO and BA with
MMDA for to n=700 and MDTM up to n = 8000 to
prove the efficiency of LSMs.

From Fig. (1) we can concluded that the results of BA are
very closed to PSO, but it better than PSO.

We suggested use other methods of LSMs such as Genetic
Algorithms (GA) or Simulated Annealing (SA).

CONCLUSION
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6) To improve the performance of PSO and BA, we suggest
making a hybrid between these algorithms from one side,
or between them and another local search algorithms (e.g.
SA or GA), from the other side.
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