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Abstract — Recently, the quadrotor Unmanned Aerial Vehicle 

UAV has been developed to be useful in variety of applications in 

both military and civil. Control of this type of vehicles still the 

main problem faced the researchers. In this paper, two 

cooperative controllers were implemented to control the UAV 

pose (3D trajectory tracking) in two loops. The first controller is 

the Proportional Derivative PD controller which used to stabilize 

the UAV (attitude control or control the orientation angles) in the 

inner loop. The second controller is the Linear Quadratic 

Regulator LQR controller which used to control the position of 

the UAV in the outer loop. Controlling the x and y axes in the 

first loop were used in the second loop to control their angles. 

These two controllers were designed based on the UAV linearized 

model about the hovering condition taking into account the 

dynamic model constraints and external disturbances. Simulation 

results shows that the proposed control strategy control the UAV 

effectively and overcome the dynamic model constraints and 

external disturbances in terms of small mean square error. 
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1. Introduction 

In the last decades the design of the UAV was widely 

increased. Different UAV configurations have been built to 

perform different dangerous tasks. One of the most popular 

and easy to control is the quadrotor configuration. In addition, 

the application of this type of UAV was varied to perform 

military and civilian tasks. Nevertheless, the widely growth in 

technology was affect the development of the UAV by adding 

advances sensors, motors, electronics and Global Positioning 

System GPS[1].  

Control of the quadrotor has been the focus of extensive 

research across the wide range of applications. Several control 

techniques were designed for single or multi quadrotors such 

as, PID, Backstepping BS, Genetic Algorithm with BS GA-

BS, and improved GA-BS controllers are proposed and 

simulated in [2] to prove that the quadrotor can be controlled 

the angle and speed with the consideration of the deviation of 

the quadrotor center of gravity. The simulation results 

indicated that the improved GA-BS controller outperform the 

other three controllers. Authors in [3] applied a model 

independent controller to control the UAV with a semi 

autopilot. The real time results of the proposed controller 

demonstrate it is effectiveness when compared with that of 

PID controller. 

Ghulam E. M. A. et al. [4] proposed the fuzzy based sliding 

mode control technique in two loop control for both attitude 

and position. This technique led to a small root mean square 

error with higher deviation in takeoff. A hybrid PID 

backstepping with forwarded control strategy is discussed 

when applied to a quadrotor with high nonlinearity dynamic 

model. Simulink software is designed and implemented to 

measure the controller performance [5]. A discrete PID 

dependent control technique is proposed to control a large 

quadrotor (X-4 flyer, more than 3Kg) to be used in load 

carrying in [6]. The controller is a single input single output 

controller. Indoor and outdoor practical tests show that the 

implemented prototype is stabilized and the performance is 

validated in low speed. Jiahao Zhao [7] applied a cascade PID 

controller for the attitude stabilization and the position of the 

UAV quadrotor. The quadrotor dynamic system is nonlinear 

and the environment has some obstacles. The proposed control 

technique tested in line flight first then in target position with 

obstacle avoidance. Simulation results show that the controller 

derive the vehicle to the position successfully. 

A reinforcement trained neural network control approach is 

proposed in [8] to stabilize the vehicle while it in air to move 

up and down to track a way point path with high initial 

velocity. The resultant steady state error was less than two cm. 

A sliding mode with backstepping control technique is 

suggested to control the Quadrotor UAV and track a certain 

path in [9]. The controller stability is analyzed based on 

Lyapunov theory. To demonstrate the controller robustness a 

white Gaussian noise is considered as external disturbance 

with quadrotor the aerodynamic moment. The mean results 

show the effectiveness of the proposed technique when it 

compared with that of LQR and backstepping techniques. 

Authors in [10] employed an integral backstepping control 

algorithm to solve the quadrotor control problem while 

tracking a predefined path. The controller stability is 

guaranteed based on Lyapunov function. The simulation 

results express the robustness of the controller. In this paper, a 

combination of two controllers named PD and LQR to solve 

the problem of quadrotor stabilization and tracking with 

vehicle dynamics and external disturbance consideration. 

The rest of the paper is organized as follows; section 2 

demonstrates the vehicle mathematical model. Section 3 

illustrates the proposed control strategy design and analysis. 

Section 4 discusses the obtained simulation results, while 

section 5 concludes the findings and suggests the future work.   
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2. Quadrotor Modeling 

Figure (1) shows the Ascending Technology Hummingbird 

with Autopilot that it is parameters is used in this work. The 

full nonlinear quadrotor model based on Newton-Euler 

formulation method is illustrated in eq.(1), the full derivation 

of the model can be seen in [11]. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

                                  

(1) 

Where  is the propeller angular velocity. 

The full mathematical model of the Quadrotor UAV is 

represented by eq. (1) which is rewritten in a state space 

model of  where  is the state vector as in eq. 

(2) and eq.(3). 

                                                        

(2) 

                                                                                

(3) 

and  are the inputs and they can be written 

as in eq.(4) 

                                                    

(4) 

 

                                                                             

(5) 

From eq.(3) and eq.(1) we get eq.(6) as a state variables where 

the first six states are for translations and the other are for the 

attitude states. 

      (6) 

 

Eq.(6) illustrate the vehicle nonlinear model. The most 

important requirement for LQR control design is the system is 

linear. Therefore; the system of eq.(6) should be linearized 

around a certain point and conditions. For the vertical takeoff 

and landing vehicle as the quadrotor the operating point is the 

hovering point. While conditions are appeared based on the 

hovering point which are; the three attitude angles, their 

angular velocities, and the three linear velocities of the 

position parameters are equal to zero. Then the system of eq. 

(6) with the use of the state's definitions in eq.(3) can be 

linearized as in eq. (7). 

Figure (1). Ascending Technology 

 Hummingbird with Autopilot 

Quadrotor UAV 
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(7) 

 

3. Control Design 

Two controllers are implemented in this work to control the 

quadrotor UAV; the first one is the PD controller which be 

used to control the attitude angles of the quadrotor 

(stabilization of the vehicle). While the second controller is 

the LQR controller which be used to control the position and 

the altitude of the vehicle. The two controllers' derivations are 

in the next subsections. 

  

3.1  LQR Controller 

LQR is a fixed parameter modern optimal control state 

feedback technique which designed and analyzed based on the 

system state space of the form eq. (8).  

 
The LQR controller goal is to find the optimal controller 

parameters K such that the state feedback control rule eq. (9) 

minimizes the cost function presented in eq. (10) [12]. 

 

 
Where A, B, C are the linearized system matrices, Q is a 

matrix represent the state cost and it is value greater than or 

equal zero and R is a matrix represent the control cost of value 

greater than zero, and P can be obtained from the Ricatti 

equation (11). 

 
Then K can be obtained based on the control law of eq. (12). 

 
 This controller is designed to control the altitude and the 

position of the vehicle as in the next subsections. 

3.1.1 Altitude and position control 

The control input  can be obtained from the LQR controller 

with respect to altitude desired  as in state space eq. (13). 

 

 

While the position control can be obtained based on the LQR 

controller with respect to  and  as in state space eq. (14) 

 
The obtained  and  from the attitude control part is used 

to control the position axis. 

3.2 Attitude Controller 

A PD controller was implemented to control the attitude 

angels . This controller shows a good performance 

in terms of minimum errors and stability. The control law to 

find the    is as in eq. (15), (16), and (17). 

 

 

 
Where  and  are calculated based on eq.(6). 

 

 

 

4. Simulation Results 

The tracking performance of the cooperative controller is 

tested using a three dimensions path defined in eq. (16). The 

vehicle specifications used in the simulation are listed in table 

(1). The system is simulated using MATLAB 2018b.  

  

with zero initial condition.  
             Table (1). Quadrotor Parameters 

Parameter Definition Value Units 

m Vehicle 

Mass 

0.5 Kg 

g Gravity 9.81 m/s2 

l Arm Length 0.17 m 

Ir Rotor Inertia 0.000044 Kg.m2 

Ix Roll Inertia 0.0044 Kg.m2 

Iy Pitch Inertia 0.0044 Kg.m2 

Iz Yaw Inertia 0.0088 Kg.m2 

 

The simulation results were achieved by applying both the 

LQR controller for altitude and position and PD controller for 

attitude to stabilize and track the predefined trajectory in eq. 

(16) are shown in figures (2), (3), and (4), the 3D trajectory, 

altitude and positions, and the attitude angles respectively. 

These results obtained under four cases; no disturbance, force 

disturbance on the altitude and position as 
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,  model parameter uncertainty, and  model 

parameter uncertainty. The LQR controller gains were 

achieved to be , , 

and  for x, y, and z directions 

respectively. While the PD controller gains were achieved to 

be  

 for roll, pitch, and yaw angle respectively.  

The results show that the cooperative control technique can 

drive the vehicle to track the trajectory with small error, less 

than 3 cm, while the attitude angles can track their desired 

values successfully, in all four cases. It obviously that the 

controller can recover the change in the model parameter 

uncertainty and overcome the effect of the external 

disturbances. Moreover; it can drive the vehicle to the desired 

trajectory smoothly and safely in all the four circumstances. 

 

 

 
 

 

 

 
 

 
 

 

 

 

 

5. Conclusions  

This paper provides two cooperative controllers for unmanned 

aerial vehicle trajectory tracking. It is shown that the LQR 

controller is used for position control, while the PD controller 

is used for attitude stabilization. The simulation results were 

achieved with model constraints change and external 

disturbance effects to further examine the robustness of the 

controllers. Potential future work could involve the recovery 

the effect of stopping one motor of the vehicle during flight by 

developing a nonlinear control strategy that can help to 

examine more suitable controller in different circumstances. 
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