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A B S T R A C T   

The current study discusses the mixed convection boundary layer around an isothermal solid sphere utilizing 
numerical simulation; two fluid types of hybrid and mono micropolar nanofluids with constant wall temperature 
in an MHD field are examined. To improve a base fluid’s thermophysical, optical, rheological, and morphological 
qualities, two different types of nanoparticles Copper oxide CuO and Graphite oxide (GO) are combined to create 
hybrid nanofluids. The sensitivity analysis was made to unveil the impacts of the mixed convection factor, the 
field strength and the micro-rotation factor. The results reveal that the improving effect of using NF by the 
induced micro-rotational effect is more prominent at lower angles and diminished at higher angles. Another 
point that could be obtained is that the thermal boundary layer thickness is directly proportional to the magnetic 
parameter; by increasing the M value from 0.5 to 2, the thermal boundary layer thickness increases from 1.4 to 
1.8. Also, using hybrid instead of mono NF has nearly no effect on altering the angular velocity at y > 4; for other 
ones (y < 4), the difference is<15 %.   

1. 1- introduction 

It may be safe to say that in the last decade, nanotechnology has 
made great progress in many sciences, and for this reason, researchers 
have studied various a lot of aspects of this technology and the action of 
nanofluids, nanopowders, nanocomposites, nanochannels, etc [1–10]. 
Also, it is hard to imagine humans living in the current century without 
heat transfer. Most heat transfer processes in thermal systems are 
accomplished using heat transfer fluids (HTFs). The application of 
conventional HTFs (for example, water and ethylene glycol) is limited 
due to their low thermal conductivity [11]. To upgrade the energy ef-
ficiency of systems in engineering applications, conventional HTFs were 

replaced with nanofluids (NFs) [12]. NFs are suspension of small solid 
particles of metallic or non-metallic, called nanoparticles (NP), in the 
aforementioned base fluids [13]. With the higher thermal conductivity 
of NPs, the usage of NF improves heat transfer. Aydin and Guru [14] 
reviewed the NFs in terms of their preparation, stability, properties, and 
thermal performance. Although NFs are made by dispersing one type of 
NP in the base fluid, the thermal features of NFs could be boosted using 
hybrid NFs. Hybrid NFs are the mixture of two or more unlike NPs in the 
base fluid. Kamel et al. [15] presented the reviews the recent experi-
mental studies focusing on the flow boiling heat transfer using nano-
fluids. The heat transfer due to permeable stretching tube in the 
presence of heat source/sink utilizing nanofluids studied by Ahmed et al. 
[16]. Ghachem et al. [17] discussed the magnetohydrodynamic natural 
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convection in a cubical cavity equipped with a perforated separation. Ali 
et al. [18] presented the description of magnetohydrodynamic effects on 
the transient rotational flow of Oldroyd-B nanofluids. Appropriately NP 
types with specific weight percent are employed to achieve the desired 
heat exchange rate. Hybrid NFs found large applications in different 
aspects of human life [19,20,21]; in this way, the concept of hybrid NFs 
has been the subject of numerous numerical and experimental in-
vestigations. A comprehensive review on hybrid NF, their preparation 
methods, the influencing factors on their performance and their fields of 
application was presented by Salman et al. [22]. The water-based hybrid 
NF of Graphite and Silicon dioxide was prepared by Dalkılıç et al. [23], 
and its viscosity in various NP volumetric fractions and temperatures 
was measured. The viscosity increment by the volumetric fraction in-
crease and temperature decrease was demonstrated; also, the greatest 
increase in viscosity was achieved. in the case of 2 % volume fraction 
and 15  degreesC temperature which was equal to 36.12 %. Hussein 
et al. [24] investigated numerically the mixed convection in a cubical 
cavity with active lateral walls and filled with graphene– platinum 
hybrid nanofluid. Recently, there have been studies about hybrid 
nanofluids near solid spheres and parallel plates, such as Patil et al. [25], 
Bhatt et al. [26] and Alkasasbeh [27]. The theory of rotating micro 
constituents effects in NFs firstly proposed by Eringen [28]. This Theory 
was introduced to cover the inability of the classical model to illustrate 
micro convection. Micropolar fluids have microstructures; in fact, these 
fluids contain random particles suspended in a viscous medium. The 
molecules in micropolar fluids have random translational and rotational 
motions. The micropolar NFs are classified as a new category of 
micropolar liquids; the presence of NPs in HTFs gives them a micro-
structure. Due to their numerous engineering applications, such as blood 
rheology, exotic lubricants, polymer extrusion and low-concentration 
suspension flows, the subject attracted numerous researchers for 
modeling the fluid flow, heat and mass transfer. Ariman et al. [29] 
reviewed the findings of Eringen [28] and different engineering appli-
cations of micropolar fluids explained by Lukaszewics [30]. Free con-
vection of micropolar fluids in cavities has been explored by Aydin and 
Pop [31], Gibanov et al.[32] and Saleem et al.[33]. Hashemi et al. [34] 
researched the free convection of Cu/water micropolar NF in a porous 
medium containing a heat source. The Darcy model is used for modeling 
the flow dynamics, and the Galerkin finite element method is employed 
for solving the governing equations. Their results indicated that the 
Darcy number was in an inverse proportion with the fluid flow strength 
and micro-rotation of particles. Ahmed et al. [16] presented the laminar 
steady mixed convection flow field characteristics in a square lid-driven 
enclosure filled with water-based micropolar nanofluids numerically 
using the finite volume method. Hussanan et al. [35] investigated the 

transient free convection flow of five types of micropolar NF over a 
vertical plate. It was revealed that graphene oxide temperature sus-
pended NF is higher than the other NFs. Izadi et al. [36] employed the 
thermal non-equilibrium model to examine the free convection flow of a 
micropolar NF in a porous cavity. It was demonstrated that by increasing 
the pores dimension and porosity, the governing equations could be 
converted to standard Navier–Stokes equations. Also, during rotation 
the NPs rotation, permeability affects the Nu number in the solid matrix. 
Abidi et al. [37] explored the fluid flow and heat and mass transfers 
(HMT) inside an enclosure filled with aqueous micropolar NF of Al2O3 
subjected to a uniform magnetic field using a 3-D model. The sensitivity 
analysis was carried out to determine the influence of buoyancy ratio, Ra 
number, Ha number, NF concentration and micropolar material 
parameter on HMT and fluid flow. The authors also demonstrated that 
increasing the Ra and Ha numbers increased and decreased the heat and 
mass transfer rates, respectively. The implementation of magnetohy-
drodynamic (MHD) could improve heat transfer in many engineering 
applications. Alfven [38] introduced the concept of MHD fluid flow and 
described the MHD waves (Alfven waves). Rahbari et al. [39] performed 
an analytical and numerical study of the MHD flow in a parallel plate 
channel. The impact of the De, Ha, Re and Pr numbers on the velocity 
and temperature fields were investigated. It was shown that increasing 
the Ha number reduces the velocity values, whereas increasing the De 
number does not alter the velocity field significantly. Atif et al. [40] 
investigated the transient MHD squeezed flow having variable thermal 
conductivity with thermal radiation over the sensor surface. The 
nonlinear ordinary differential equations are implemented by the usage 
of the shooting technique. The sensitivity analysis was carried out to 
reveal the influence of the magnetic and Weissenberg number, squeezed 
flow index, power-law index, thermal radiation parameter and Pr 
number on velocity and temperature profiles. It was found that the 
permeable velocity, the Weissenberg number and the power-law index 
resulted in decreasing the velocity profile. Nazar et al. [41] studied the 
mixed convection boundary layer flow of a micropolar fluid around a 
sphere having a constant surface temperature. The Keller-box scheme 
was utilized for solving the non-similar boundary layer equations see 
[42]. It has been discovered that supporting flow retards boundary layer 
separation, and even at stronger flows suppress it. On the contrary, in 
opposing flow the separation point gets closer to the lower stagnation 
point and in case of strong flow the boundary layer would be eliminated. 
By the best of authors’ knowledge. The available literature does not 
provide a significant contribution to the flow and heat transfer studies in 
themicropolar hybrid NF model. Considering the importance of MHD on 
improving the heat transfer rate it seems that the subject is of great 
value. Also, according to the literature review, the MHD stagnation 

Nomenclature 

Cp Heat capacity 
[
J⋅kg− 1⋅K− 1]

g Acceleration due to gravity 
[
m⋅s− 2]

Gr Grashof number 
j Micro-inertia density 

[
m2]

K Micro-rotation parameter 
k Thermal conductivity 

[
W⋅m− 1⋅K− 1]

H Angular velocity 
[
m⋅s− 1]

Pr Prandtl number 
T The temperature of the fluid [K]
u x-component of velocity 

[
m⋅s− 1]

v y-component of velocity 
[
m⋅s− 1]

Greek Symbols 
χ Nanoparticles volume fraction 

κ0 Vortex viscosity 
[
kg⋅m− 1⋅s− 1]

μ Dynamic viscosity 
[
kg⋅m− 1⋅s− 1]

ρ Base fluid density 
[
kg⋅m− 3]

β Thermal expansion coefficient 
[
K− 1]

ϕ Spin gradient viscosity 
[
kg⋅m⋅s− 1]

ϖ Stream function 
θ Dimensionless temperature 

Subscripts 
f Base fluid 
s Solid particles 
hnf Hybrid nanofluids 
w Condition at wall 
∞ Condition at infinity  
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point micropolar NF flow with mixed convection has not yzet been 
examined. Here, the problem of mixed convection flow of water con-
taining hybrid NP about a sphere within the MHD field is studied. In next 
section, the numerical approach is presented after presenting the prob-
lem and the governing equations. The results are discussed using the 
temperature profile, heat transfer coefficient, heat flux and friction 
factor diagrams and finally at last section the conclusion is presented. 

2. The problem description and governing equations 

As illustrated in Fig. 1, a mixed convection flow of water containing 
hybrid nanoparticles Copper oxide CuO and Graphite oxide (GO) about a 
sphere was assumed. The parameter × refers to the axis that is measured 
on the circumference of the sphere starting from the point of stagnation, 
while y refers to the axis that measures the perpendicular distance to its 
surface; qw indicates constant heat flux, T∞ the surrounding temperature 
of the liquid which is constant, and g stands for the gravity vector. 

The continuity, momentum and energy equations for hybrid micro-
polar nanofluid are given by Eqs. (1) to (4), respectively[43–45]. 

∂
∂x

(r u)+
∂
∂y

(r v) = 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

=ue
due

dx
+

(μhnf + κ
ρhnf

)
∂2u
∂y2 +

βhff

ρhnf
g(T − T∞)sin

(x
a

)
+

κ
ρhnf

∂H
∂y

−
σhnf

ρhnf
B2

0u

(2)  

ρhnf j
(

u
∂H
∂x

+ v
∂H
∂y

)

= − κ
(

2H +
∂u
∂y

)

+ϕhnf
∂2H
∂y2 , (3)  

u
∂T
∂x

+ v
∂T
∂y

=
khnf

(
ρcp

)

hff

∂2T
∂y2 , (4) 

The employed velocity and thermal boundary conditions over the 
sphere surface and the far way flow are according to Eqs. (5) and (6), 
respectively; 

u = v = 0,T = TwH = − 1
2

∂u
∂y asy = 0, (5). 

u→ue(x),T→T∞H→0 as y→∞ (6). 
In Eq. (5) u and v are the velocity components along the x-y plane, 

respectively. The radial distance between the symmetrical axis and the 
sphere’s surface isr(x) = a sin(x/a) , and the local free-stream velocity is 
assumedue(x) = 3

2 U∞sin
( x

a
)
. The micro-inertia density and pin gradient 

viscosity of hybrid nanofluid are defined in Eqs. (7) and (8), 
respectively; 

j =
aνf

U∞
(7)  

ϕhnf =
(
μhnf + κ0/2

)
j. (8) 

The values of coefficient of thermal expansion, density, viscosity, 
thermal diffusivity, heat capacity, thermal conductivity and electrical 
conductivity of hybrid NF, which are denoted by βhnf ρhnf μhnf

(
ρcp

)

hnf khnf 

and σhnf , respectively, are determined using their related equations as 
tabulated in Table 1. 

To get the dimensionless form of the governing equations, some 
parameters are used; the dimensionless parameters are denoted without 
the bar sign over them and are shown in Table 2. 

Inserting the previous variables into Eqs. (1) to (4), the dimension-
less forms of boundary-layer equations are determined by Eqs. (9) to 
(12); 

∂
∂x

(ru)+
∂
∂y

(rv) = 0, (9)  

u
∂u
∂x

+v
∂u
∂y

= ue
∂ue

∂x
+

ρf

ρnf
(D1 +K)

∂2u
∂y2 +

1
ρnf

D2λθsinx+
ρf

ρnf
K

∂H
∂y

−
ρf

ρhff

σhff

ρf
Mu

(10)  

Fig. 1. Mixed convection physical model and coordinate system [33].  

Table 1 
The equations for determining the thermo-physical properties of hybrid NFs 
Alkasasbeh [27].  

Coefficient of thermal 
expansion 

βhnf = (1 − χ2)
[
(1 − χ1)βf + χ1βs1

]
+ χ2βs2 

Density ρhnf = (1 − χ2)
[
(1 − χ1)ρf + χ1ρs1

]
+ χ2ρs2 

Viscosity μhnf =
μf

(1 − χ1)
2.5

(1 − χ2)
2.5 

Heat capacity (
ρcp

)

hnf = (1 − χ2)
[
(1 − χ1)

(
ρcp

)

f + χ1
(
ρcp

)

s1

]
+

χ2
(
ρcp

)

s2 
Thermal conductivity khnf

kbf
=

(
ks2 + 2kbf

)
− 2χ2

(
kbf − ks2

)

(
ks2 + 2kbf

)
+ χ2

(
kbf − ks2

) ,

where
kbf

kf
=

(
ks1 + 2kf

)
− 2χ1

(
kf − ks1

)

(
ks1 + 2kf

)
+ χ1

(
kf − ks1

)

Electrical conductivity 
σhnf

σf
= 1 +

3
[χ1σ1 + χ2σ2

σf
− (χ1 + χ2)

]

[χ1σ1 + χ2σ2

σf
+ 2

]

−

[
χ1σ1 + χ2σ2

σf
− (χ1 + χ2)

]

Table 2 
The non-dimensional forms of the employed parameters 
[27].  

parameter Dimensionless form 

x x =
x
a
,

y 
y = Re1/2( y

a

)
,

r(x)
r(x) =

r(x)
a

,

u 
u =

u
U∞

,

v 
v = Re1/2

( v
U∞

)

,

H H =
( a

U∞

)

Re1/2H,

ue(x) ue(x) =
ue(x)
U∞ 

T 
θ =

T − T∞

Tw − T∞
.
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u
∂θ
∂x

+ v
∂θ
∂y

=
D3

Pr
∂2θ
∂y2 (11)  

u
∂H
∂x

+ v
∂H
∂y

= −
ρf

ρnf
K
(

2H +
∂u
∂y

)

+
ρf

ρnf

(

D1 +
K
2

)
∂2H
∂y2 (12) 

In Eqs. (9) to (12) the non-dimensional quantities and their in-
terpretations are shown in Table 3. 

It is important to note that λ > 0 shows the case of an assisting flow 
(Tw > T∞) (heated flow), λ < 0 reveals the opposing flow (Tw < T∞)

(cooled flow) and λ = 0 refers to the forced convection flow. Using the 
non-dimensional parameters, the boundary conditions (Eqs. (5) and (6)) 
get the form of Eqs. (13) and (14); 

u = v = 0,θ = 1,H = − 1
2

∂u
∂y as y = 0(13). 

u→ue(x) = 3
2 sinxu→0, θ→0, H→0 asy→∞. (14). 

The following equations are assumed to solve Eqs. (9) to (12), subject 
to boundary conditions (Eqs. (13) to (14)); 

ψ = xr(x)f (x.y),
H = xh(x, y) (15) 

Where ψ denotes the stream function that is related to × and y-ve-
locity components according to Eqs. (16) and (17); 

u =
1
r

∂ψ
∂y

(16)  

v = −
1
r

∂ψ
∂x

(17) 

The stream function ψ is defined in such a way that satisfies the 
continuity equation (Eq. (9)). By substituting Eq. (15) into Eqs. (9) to 
(12), the following transformed equations are obtained; 

ρf

ρnf
(D1 + K)

∂3f
∂y3 + (1 + x cotx)f

∂2f
∂y2 −

(
∂f
∂y

)2

+
D2

ρhnf
λ

sinx
x

θ +
9
4

sinx cosx
x

+
ρf

ρhnf
K

∂h
∂y

−
ρf

ρhnf

σhnf

ρf
M

∂f
∂y

= x
(

∂f
∂y

∂2f
∂x∂y

−
∂f
∂x

∂2f
∂y2

)

,

(18)  

D3

Pr
∂2θ
∂y2 + f

∂θ
∂y

(1 + xcotx) = x
(

∂f
∂y

∂θ
∂x

−
∂f
∂x

∂θ
∂y

)

(19)  

ρf

ρhnf

(

D1 +
K
2

)
∂2h
∂y2 +(1 + x cotx)f

∂h
∂y

−
∂f
∂y

h −
ρf

ρhnf
K
(

2h +
∂2f
∂y2

)

= x
(

∂f
∂y

∂h
∂x

−
∂f
∂x

∂h
∂y

)

. (20) 

The boundary conditions in transformed space would become as Eqs. 

(21) and (22); 

f = ∂f
∂y = 0,θ = 1h = − 1

2
∂2f
∂y2 asy = 0, (21). 

∂f
∂y→

3
2 sinxθ→0h→0 asy→∞. (22). 

At the lower stagnation point of the sphere, i.e.x ≈ 0, Eqs. (18) to 
(20) are reduced to the differential equations below: 

ρf

ρnf
(D1 + K)f ′′′ + 2ff ′′ − (f ′

)
2
+

D2

ρhnf
λθ+

ρf

ρhnf
K

∂h
∂y

+
9
4
= 0, (23)  

D3

Pr
θ′′ + 2f θ

′

= 0, (24)  

ρf

ρnf

(

D1 +
K
2

)

h′′ + 2f h
′

− f
′

h −
ρf

ρnf
K(2h + f ′′) = 0, (25) 

And the boundary conditions (Eqs. (21) and (22)) become Eqs. (26) 
and (27); 

f (0) = f ′

(0) = 0, θ(0) = 1, h(0) = −
1
2

f ′′(0) as y = 0 (26)  

f ′→
3
2
, θ→0 , h→0 as y→∞, (27) 

Where the primes denote differentiation for y. 
The physical quantities of concern are the Cf and Nu numbers, which 

may be represented as 

Cf =
a

μf U∞
Re− 1/2

(
(
μhnf + κ

) ∂u
∂y

+ κH
)

y=0
(28)  

Nu = −
khnf a

kf (Tw − T∞)
Re− 1/2

(
∂T
∂y

)

y=0
(29) 

By calling the dimensionless variables in Table 3 and the boundary 
conditions (Eqs. (13) and (14)), the local skin friction factor Cf and Nu 
numbers could be written as Eqs. (30) and (31), respectively; 

Cf = Re− 1/2
(

D1 +
K
2

)

x
∂2f
∂y2 (x, 0) , (30)  

Nu = − Re1/2khnf

kf

∂θ
∂y

(x, 0). (31)  

3. The numerical method and validation 

Eqs. (18)-(20) with their corresponding boundary conditions (Eqs. 
(21)-(22)) have been numerically solved utilizing the Keller-box 
approach once the proper value of y has been established, as 
explained in [34]. In this method, the numerical solution is obtained by 
considering the step size of 0.02 with a six-decimal places criterion of 
convergence for accuracy. In fact, one needs to consider the following 
four basic procedures in using the method: 

i. Re-written the transformed Eqs. (18)- (20) with their corre-
sponding boundary conditions (21)-(22) into a first order system 
of equations.  

ii. Using the central difference method to convert the obtained first 
order equations into set finite difference equations.  

iii. Newton quasi-linearization method is then employed in solving 
the system of non-linear equations.  

iv. Block-matrix algorithm is finally used to solve the differential 
equations. 

The velocity, angular velocity, and temperature distribution profiles 
are presented by adjusting controlling factors to obtain the physics of the 
problem. The controlling factors contain the mixed convection 
factor − 1 ≤ λ ≤ 1, the micro-rotation factor0.5 ≤ K ≤ 4, and the mag-

Table 3 
The non-dimensional parameters for the governing equations [27].  

D1 =
1

(1 − χ1)
2.5

(1 − χ2)
2.5 

0 

D2 = (1 − χ2)
[
χ1

(
ρs1

βs1/βf

)
+ (1 − χ1)ρf

]
+ χ2

(
ρs2

βs2/βf

)
0 

D3 =

khff/kf

(1 − χ2)
[
(1 − χ1)ρf + χ1

(
ρcp

)

s1/
(
ρcp

)

f

]
+ χ2

(
ρcp

)

s2/
(
ρcp

)

f 

0 

M =
σf B2

0a2Gr− 1/2

ρf vf 

the magnetic factor 

K = κ0/μf micro-rotation 
K = κ/μf micro-rotation 

factor 
Pr = vf/αf Prandtl number 
λ = Gr/Re2 mixed convection 

parameter 
Gr = gβ(Tw − T∞)a3/v2

f Grashof number  
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netic factor 0.5 ≤ M ≤ 2 for both the assisting (λ > 0) and opposing (λ <

0) flows. The numerical solution begins at the lower stagnation point of 
the sphere, x ≈ 0, using initial profiles provided by Eqs. (18) to (21) and 
proceeds around the circumference of the solid sphere to the separation 
point. The current results are only valid up to × = 120 degrees. Table 4 
illustrates the thermophysical characteristics of the base fluid water and 
nanoparticles namely Copper oxide CuO and Graphite oxide (GO), 
which are size small particle that ranges between 1 and 100 nm. To 
verify the present numerical approach, the values of local skin friction 
are compared against Ref. [33] for the regular Newtonian fluid with K =
0,(χ1 = χ2 = 0), and M = 0, at Pr = 7 for, λ = ±2 as presented in Table 5. 
It is found that the current results are very consistent with previously 

published results, therefore validating the accuracy of the current 
model. 

4. Results and discussion 

The fluid flow and heat transfer characteristics are specified mainly 
using the Nu number and friction factor. In this section, the heat transfer 
and fluid flow over the sphere are investigated firstly by presenting the 
variation of Nu and Cf numbers; then, the fluid flow and thermal fields 
are inspected by presenting the temperature and velocity profiles in the 
next subsection. 

4.1. Fluid flow and thermal performance analysis 

4.1.1. The effect of magnetic parameter 
The variation of the local Nu number vs the x-degree for magnetic 

parameters of 0.5, 1 and 2 is shown in Fig. 2. As shown, the Nu number is 
decreased by proceeding the way from the stagnation point toward the 
separation point; in the case of employing no MHD field (M = 0), the Nu 
number decreased from 2.2 to 0.4 W/m2.K and from 1.8 to 0.5 W/m2.K 
for hybrid and mono NFs which corresponds to reductions of 82 % and 
72 %, respectively. The greater reduction of Nu number by the x-degree 
increment in the case of a hybrid than mono NF could be attributed to 
the higher enhancing effect of turbulence and reverse flow in mono NFs; 
this leads eventually to a higher Nu number of mono NF than hybrid NF 
at × = 120. In the first values of ×, the Nu number is greater in the case 
of a hybrid rather than mono NF; at × = 0 and M = 0, the local Nu 
numbers are 2.2 and 1.8 W/m2.K for hybrid and mono NFs, respectively. 
The higher value of the Nu number for hybrid NFs rather than monotype 
is related to its higher thermal conductivity. The difference between the 
Nu number of mono and hybrid NFs is more pronounced in lower values 
of × and becomes less through the way from the stagnation point (x =
0); the trend becomes reverse at higher × values where the Nu number 
of mono is higher than hybrid NF. At M = 0 and × = 120, the local Nu 
number is 0.4 and 0.5 W/m2.K for hybrid and mono NFs, respectively. 
The point where the Nu number for hybrid and mono NFs are equal is 
not the same for different M numbers, and by increasing M, it is 
decreased. 

The variation of friction factor vs the x-degree for mono and hybrid 
NFs and different M values is depicted in Fig. 3. As seen, the Cf is 
increased by passing from the stagnation point toward a specific point 

Table 4 
Thermophysical characteristics of the used base fluid and nanoparticles [27].  

Property H2O CuO GO 

ρ (kg/m3) 997.1 6510 1800 
Cp (J/kg/K) 4179 540 717 
k (W/m/K) 0.631 18 5000 
β × 10− 5(K− 1) 21 0.85 28.4 
σ(S/m) 5.5 × 10− 7 5.96 × 107 6.30 × 107 

Pr 6.2 – –  

Table 5 
Comparison of local skin friction factor with Newtonian fluid (K = 0), and M = 0, 
at Pr = 7 [33].   

λ = − 2 λ = 2 

x Nazar et al. [23] Present Nazar et al. [23] Current study 

0o  
0.0000  0.000000  0.0000  0.000000 

10o  
0.3309  0.330911  0.4955  0.495455 

20o  
0.6304  0.630391  0.9605  0.960512 

30o  
0.8700  0.870049  1.3675  1.367475 

40o  
1.0242  1.024165  1.6931  1.693320 

50o  
1.0713  1.071311  1.9194  1.919401 

60o  
0.9922  0.992201  2.0350  2.034991 

70o  
0.7635  0.763520  2.0363  2.036345 

80o  
–  –  1.9273  1.927412 

90o  
–  –  1.7195  1.719501 

100o  
–  –  1.4313  1.431285 

110o  
–  –  1.0870  1.086981 

120o  
–  –  0.7152  0.715178  

Fig. 2. Impact of magnetic parameter M on the local Nu number.  
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and then decreasing. This trend which is repeated for all NF types and M 
numbers, is due to the presence of wakes and their growth by passing 
over the sphere. Also, by using hybrid instead of mono NF, the friction 
factor would be reduced. The present reduction of Cf by using hybrid in 
place of mono NF is more pronounced at higher values of x-degree; at M 
= 0 and at a location of 120 degrees, Cf is decreased from 2.6 to 1.75, 
which are equal at × = 0. 

4.1.2. The impact of micro rotation parameter 
To reveal the influence of the NF micro rotation factor on heat 

transfer rate, the variation of Nu number vs the location for M = 1 and 
different K values is depicted in Fig. 4. Similar to previous figures, the Nu 
number is decreased by passing from the stagnation point forward. In 
addition, in the first part of the fluid way and before the location of 50 
degrees, the Nu number is greater in the case of using hybrid NF and 

afterward, the reverse is true. Another feature that may be deduced from 
the figures is that by increasing the parameter of micro-rotation, the Nu 
number would be increased in each case. This result reveals the 
improved effect of using NF by the induced micro-rotational effect is 
more prominent at lower angles and diminished at higher angles. This 
could be attributed to the creation and growth of the wakes by passing 
the fluid over the sphere’s surface. 

The variation of local friction factor vs the angular location for micro- 
rotation parameters of 0.5, 2 and 4 are depicted in Fig. 5. Increasing the 
micro-rotation parameter has an unfavourable effect on Cf and increases 
it; in the angular location of 120 degrees and for hybrid NF, by increasing 
K from 0.5 to 4, Cf is increased from 0.8 to 4.5. Also, in each case, Cf is 
higher in the case of using hybrid instead of mono NF by increasing their 
difference in higher angular positions. The increasing difference be-
tween the Nu number bypassing the NF over the sphere surface. 

Fig. 3. Impact of magnetic parameter M on the local friction factor.  

Fig. 4. Impact of micro rotation parameters K on the local Nu number.  
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4.1.3. The impact of mixed convection parameter 
To examine the impact of mixed convection parameters on heat 

transfer, the variation of Nu number along the sphere surface for various 
values of λ is illustrated in Fig. 6. The mixed convection parameter 
specifies the heat transfer direction; λ > 0 denotes the heated surface 
(Tw > T∞),λ < 0 is for the cooled sphere (Tw < T∞). For small values of 
|λ|, the forced convection is dominated, whereas, for the larger values of 
|λ|, the natural convection is more important; for |λ| values in order of 1 
(which is the case here), both effects are comparable, and there is the 
mixed convection. By inspecting Fig. 6, it could be seen that the overall 
variation of Nu along the surface is decreasing for both types of NF. By 
moving along the surface from θ = 0 to 120 degrees, the Nu number 
changes from 2.1 to 0.2 and 1.75 to 0.25 W/m2.K in the case of using 
hybrid and mono NF, which corresponds to reductions of 99 % and 98 %, 
respectively. This could be explained by the boundary layer’s growing 

thickness which would alleviate the heat transfer coefficient at higher 
angles. The sensitivity of the Nu number from the variation of λ is very 
small and diminishes totally at higher x-degrees. The slight increase of 
the Nu number by increasing the value ofλ at high values of x-degree. 

By inspecting the variation of friction factor along the sphere surface, 
as shown in Fig. 7, an increasing trend could be seen. This variation 
which is due to the formation of the vortex behind the sphere surface, is 
repeated in all cases of λs, but the value of Cf is higher in cases of greater 
values of λ. The higher friction factor in cases with higher λ is the result 
of surface condition; for λ < 0, the adjacent flow near the sphere is 
colder than the bulk fluid and therefore has higher local viscosity and 
vice versa, for λ > 0, the fluid is warmer and in this case the viscosity and 
the resulted Cf are both lower. 

Another point that could be inferred from Fig. 7 is that the friction 
factor is lower in the case of using hybrid instead of mono NF. The 

Fig. 5. Impact of micro rotation parameter K on the local friction factor.  

Fig. 6. Impact of mixed convection parameter λ on the. local Nu number.  
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difference between the Cf of hybrid and mono NFs is seen at all positions 
but is increased by increasing the value of the mixed convection factor; 
at an angle of 10 degrees, the difference between the Cf values in the 
case of using hybrid and mono NFs are 0.5, 0.7 and 0.9 for mixed con-
vection parameters of − 1, 1 and 0, respectively. This result shows that 
the higher reducing effect of using hybrid NF is in cases of high mixed 
convection parameters in which the sphere is cooling. 

4.2. Fluid flow and thermal physics 

To visualize the fluid flow and thermal fields, the temperature, ve-
locity and angular velocity profiles for various values of magnetic, micro 
rotation and mixed convection parameters in cases of using mono and 
hybrid NFs are depicted in Fig. 8 to Fig. 16. The influence of altering M, 
K and λ on different evaluating parameters is depicted in Fig. 8 to 

Fig. 10, Fig. 11 to Fig. 13 and Fig. 14 to Fig. 16, respectively. 

4.2.1. The impact of magnetic factor 
The variation of dimensionless temperature (θ) at × = 0 vs the y for 

magnetic parameters of 0.5, 1 and 2 and in cases of using mono and 
hybrid NFs is depicted in Fig. 8. As expected, the overall variations of θ 
are decreasing, which means that by going away from the sphere, the 
temperature is approaching free stream temperature. Although the 
temperature would ultimately reach the infinite temperature, using 
hybrid instead of mono NF delays this; for the magnetic parameter of M 
= 2, the thermal boundary layer thickness (as defined where θ = 0.01) in 
cases of using mono and hybrid NF is 1.4 and 1.8, respectively. Another 
point that could be seen in Fig. 8 is that by increasing the magnetic 
parameter, the thermal boundary layer thickness is increased; by 
increasing the M value from 0.5 to 2, the thermal boundary layer 

Fig. 7. Impact of mixed convection parameter λ on the local skin friction.  

Fig. 8. Impact of magnetic parameter M on the temperature profiles.  
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thickness increases from 1.4 to 1.8. 
Fig. 9 depicts the velocity profile along with the normal distance to 

the surface of the sphere in different magnetic parameters and λ = 1 
(forced convection). As seen, the velocity changes from the value of zero 
at y = 0 to its maximum value at y = 8. Although at first (adjacent to 
sphere surface) and last points (far from the sphere surface) for all the 
study cases, the velocity is zero, but through the way \the fluid velocity 
differs; at each y, the fluid velocity is higher in case of mono rather than 
hybrid NF. For example, at M = 2 and y = 4, the non-dimensional ve-
locity is 0.6 and 0.75 for hybrid and mono NFs, respectively. The higher 
value of fluid velocity in the case of using mono rather than hybrid NF. 
In addition, the higher velocity difference between the mono and hybrid 
at higher M numbers occurs because crossing a magnetic field through a 
moving fluid generates a force called the Lorentz force, which, as a 
result, boosts the resistance of the hybrid NF. 

The variation of angular velocity vs the perpendicular distance from 

the sphere surface (y) at the stagnation point (x = 0) is shown in Fig. 10. 
Similar to the variation of velocity (Fig. 9), the angular velocity would 
be zero adjacent to the sphere surface and far from it but unlike velocity, 
the sensitivity of angular velocity to the magnetic number and fluid type 
(mono or hybrid NF) is less. Using hybrid instead of mono NF has nearly 
no effect on altering the angular velocity at y values>4, and for other 
ones (y < 4), the difference is<15 %. Unlike the fluid type, the magnetic 
number (M) has more effect in altering the value of angular velocity and 
is more prominent in y = 5 for M change from 0.5 to 2 and in y = 3 for M 
change from 1 to 2; by changing M from 0.5 to 2 the angular velocity 
changes about 57 % (from − 0.35 to − 0.15). 

4.2.2. The effect of micro-rotation parameter 
The effect of changing the micro-rotation parameter on the magni-

tude of the non-dimensional temperature profile in different y-positions 
from the stagnation point is shown in Fig. 11. As can be seen, for all 

Fig. 9. Impact of magnetic parameter M on the velocity profiles.  

Fig. 10. Impact of magnetic parameter M on the angular velocity profiles.  
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vertical distances from the sphere surface, the temperature is higher in 
the case of using hybrid instead of mono NF; also, the temperature is 
increased by increasing the micro-rotation parameter. The effect of 
altering K on the fluid temperature is not the same in all values of y, and 
it works only near the sphere surface in the thermal boundary layer 
region. At y = 0.6, by increasing the value of K from 0.5 to 4, the non- 
dimensional temperature increased from 0.18 to 0.22 and from 0.35 
to 0.4 in cases of using mono and hybrid NF. The increasing effect of 
using hybrid NF and increasing K value on temperature. 

The effect of employing different K values on velocity profile in cases 
of using mono and hybrid NFs is shown in Fig. 12. As seen, different values 
of micro rotation parameters show their effect in most vicinity of the 
sphere surface (y < 3). In this region, increasing K would supers the ve-
locity, which could be attributed to the values of viscosity in K. In addi-
tion, at each y, the velocity is higher in the case of using mono NF. This is 
due to the higher viscosity of mono NF than hybrid NF, which would 

eventually give rise to boundary layer growth in this case. The variation of 
angular velocity vs different K values in cases of using mono and hybrid 
NF is depicted in Fig. 13. By comparing Fig. 12 and Fig. 13, a near simi-
larity trend between the variations of velocity and angular velocity could 
be seen and, in each case, the angular velocity increases through the way 
from the sphere surface. The separation point and the resulting reverse 
flow are observed for K values of 2 and 4, which take place near the vi-
cinity of the sphere surface. By getting away from the sphere surface to y 
=0.5, the angular velocity changes from − 0.14 to − 0.195 and − 0.175 for 
K value of 4 and in cases of using mono and hybrid NF, respectively. The 
higher reducing effect of mono NF than hybrid NF. 

4.2.3. The impact of mixed convection factor 
The mixed convection factor determines the type of heat convection 

and its direction; the higher the value of λ, the heat convection would be 
more natural and vice versa. The variation of temperature, velocity, and 

Fig. 11. Impact of micro rotation parameter K on the temperature profile.  

Fig. 12. Impact of micro rotation parameter K on the velocity profiles.  
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angular velocity along the vertical distance from the sphere surface at 
the stagnation point (x = 0) for different mixed convection parameters is 
illustrated in Fig. 14, Fig. 15 and Fig. 16, respectively. As could be seen 
in Fig. 14, the temperature in the case of using hybrid NF is greater than 
mono NF, which could be attributed to higher thermal conductance. 
Furthermore, by raising the mixed convection factor from − 1 to 0 and 
from 0 to 1, the temperature is increased; the temperature increase in the 
first section is due to converting the convection type from natural to 
force and in the second part, from the forced convection to heated type 
flow. The heated natural flow with its upward induced flow would 
enhance the fluid temperature. 

Similar to the aforementioned temperature profile trends discussed 
in Fig. 14, the linear and angular velocities, as depicted in Fig. 15 and 
Fig. 16, increased by increasing y. it is worth noting that at each loca-
tion, the linear velocity is the highest in the case of using mono NF, 
whereas, about the angular velocity, the highest value is for hybrid NF. 

5. Conclusion 

The numerical simulation of mixed convection boundary-layer flow 
around an isothermal solid sphere is presented in this study; two fluid 
types of hybrid and mono micropolar nanofluids with constant wall 
temperature in an MHD field are examined. The sensitivity analysis 
unveiled the influence of the mixed convection factors, the field strength 
and the micro-rotation factor. From this study, the following results 
were obtained:  

• The improving effect of using NF by the induced micro-rotational 
effect is more prominent at lower angles and diminished at higher 
angles. Another point that could be obtained is that by increasing the 
magnetic parameter, the thermal boundary layer thickness is 
increased;  

• By increasing the M value from 0.5 to 2, the thermal boundary layer 
thickness increased from 1.4 to 1.8. Also, 

Fig. 13. Impact of micro rotation parameter K on the angular velocity profiles.  

Fig. 14. Impact of mixed convection parameter λ on the temperature profiles.  
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• Using hybrid instead of mono NF has nearly no effect on altering the 
angular velocity at y values>4, and for other ones (y < 4), the dif-
ference is<15 %.  

• The temperature is increased by increasing the micro-rotation 
parameter.  

• The effect of altering K on the fluid temperature is not the same in all 
values of y, and it works only near the sphere surface in the thermal 
boundary layer region. 
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