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ARTICLE INFO ABSTRACT
Keywords: For conducting an analysis of the experimental data, it is imperative to establish a mathematical correlation
Thermal behavior between the input and output variables. This entails executing a curve fitting or regression procedure on the data,

Hybrid nanofluid

Regressors

Evolutionary algorithms

Artificial neural network modeling

for which numerous methodologies exist. Within the scope of present investigation, the design variables
encompass the solid volume fraction (¢) and temperature. Thermal conductivity (TC) of MWCNT-CuO-CeO3, (20-
40-40)/water hybrid nanofluid (HNF) is also the objective function. Ten different types of regressors are utilized
for regression operations which are Multiple Linear Regression (MLR), Decision Tree (D-Tree), Multi-Layer
Perceptron (MLP), Support Vector Machine (SVM), Extreme Learning Machine (ELM), Radial Basis Function
(RBF), Adaptive Neuro-Fuzzy Inference System (ANFIS), Gaussian Process Regression (GPR), Multivariate
Polynomial Regression (MPR) and Group Method of Data Handling (GMDH). Once the governing equations
linking the design variables and the objective functions have been established, these equations can be employed
to forecast the simulation data. By substituting the above input values into the equations, we can calculate the
corresponding output values for the TC of the HNF. The results obtained from the MPR algorithm are compared
to the experimental data. For the GPR, MLR, D-Tree, ELM, MPR, MLP, RBF, SVM, ANFIS, and GMDH algorithms,
the maximum margin of error is found to be 0.031, 0.02579, 0.028946, 0.033889, 0.01568, 0.02515, 0.03485,
0.03, 0.0385, and 0.0178, respectively. Moreover, the kernel density estimation diagram indicates the gap be-
tween experimental data and data predicted by regression algorithms. Finally, it is evident that the MPR algo-
rithm demonstrates to have a reduced residual dispersion, with the residuals approaching zero.

experienced a significant progression. However, this changed dramati-
cally after 1881. He presented a novel perspective on the behavior of
solid-fluid suspensions with nanoparticles. Masuda et al. [1] initially
used the term “nanofluid (NF)” to describe a fluid that contained sus-
pended particles. Choi [2] then expanded this concept significantly
while working at the American Argonne Laboratory. NF is a suspension
of very fine solid particles with dimensions between 1 and 100 nm.
Nanoparticles (NPs) are significantly more stable than larger particles
like microparticles and have a larger contact surface area with the fluid
region. The two primary characteristics of NF are its extremely high
stability and TC. BFs are typically lower conductive fluids such as water,
ethylene glycol (EG), and fluids of this category that are employed for

1. Introduction

Adding materials with a high thermal conductivity (TC) to the base
fluid (BF) is one method for heat transfer enhancement in heat ex-
changers. Over the course of many years, researchers have devoted a
substantial amount of time and energy to explore the possibility of
enhancing heat transfer by employing mixtures of micron-sized solid
particles suspended in fluids. However, these fluids had some issues
including sedimentation, impurities, corrosion, and increased pressure
loss, among others. Prior to 1881, when Maxwell first proposed the use
of nano-sized particles, the field of heat transfer in fluids had not
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Nomenclature

ANFIS  Adaptive Neuro-Fuzzy Inference System
BF base fluid

R Correlation Coefficient

D-Tree  Decision Tree

EG ethylene glycol

ELM Extreme Learning Machine

GA Genetic Algorithm

GMDH  Group Method of Data Handling
GPR Gaussian Process Regression
HNF hybrid nanofluid

KDE Kernel Density Estimation

MAE Mean Absolute Error

MAPE  Mean Absolute Percentage Error
MLP Multi-Layer Perceptron

MLR Multiple Linear Regression
MOD Margin of Deviation

MPR Multivariate Polynomial Regression
MSE Mean Squared Error

NF nanofluid

NFE Number of Function Evaluations
NPs Nanoparticles

RBF Radial Basis Function

RMSD  Root Mean Square Deviation
RMSE Root Mean Squared Error

R? R squared

@ solid volume fraction

SVM Support Vector Machine

T Temperature

TC Thermal Conductivity

heat exchange in industry, while NPs are typically formed from metals
such as Cu, Al, Potassium, Fe, and their oxides, and carbon nanotubes.
Due to the minute size of the particles, the feasibility of corrosion and
pressure loss are substantially reduced, and the fluids’ resistance to
sedimentation is significantly increased. In the past decade, numerous
studies on the NFs were conducted [3-5]. Due to the presence of mul-
tiple effective parameters in the TC and the fact that the number and
circumstances of experiments and research have not been proportional
to the enormous number of NFs, no exhaustive model or relationship has
yet been developed in this field. Recent researches have not only been
unable to provide an accurate model estimate, but they have also been
unable to adequately explain and justify the disparities and even in-
consistencies that have been identified among the results of numerous
experiments. The TC of NFs has been found to be influenced by various
factors, including the Solid Volume Fraction (¢) of NPs, the character-
istics of suspended particles and BF, the shape and size of NPs, the
presence of surfactants and stabilizers, the choice of ultrasonic stirrer,
the duration of the stirring process, and the adhesion time and accu-
mulation of particles. On the other hand, the mutual influence of each of
these characteristics on the others is one of the most complicated and
novel topics of discussion among scholars. Numerous studies have been
conducted on NFs to examine the impact of ¢ and temperature on their
thermal properties. In the experiment that Lee et al. [6] conducted, NPs
of CuO and Al,O3 were combined with EG to produce NFs. The re-
searchers found that the TC of NFs containing even a trace number of
NPs were much higher than those of the same liquids that did not
contain any NPs at all. The researchers observed that the TC of NFs with
even minimal amounts of NPs was much greater than the TC of identical

liquids without any NPs present. TC increases linearly with increasing ¢,
according to the researchers’ findings. In a study conducted by Xie et al.
[7] that focused on the ¢ and shape of NPs, they added silicon carbide
NPs to water and EG in two different shapes: spherical and cylindrical.
They found that the cylindrically-shaped NPs increased the TC coeffi-
cient more than the spherically-shaped NPs did. They discovered that
the coefficient of TC for nanofluids comprised of cylindrical NPs is
approximately 11% greater than that of spherical NPs. Murshed et al. [5]
investigated the effects of various CuO concentrations in water, ranging
from ¢ = 1.5% to 5%. They noticed a nonlinear relationship between the
TC and ¢, particularly at low ¢ s. Vardaru et al. [8] conducted an
experimental study on the TC of a graphene oxide, silicon, and water-
based hybrid NF. Furthermore, they investigated the effects of temper-
ature (25-50 °C) and NP blending ratio on TC. Researchers have
demonstrated that a rise in temperature of graphene oxide content in-
creases the TC. Bakhtiari et al. [9] studied the TC of TiO»-graphene/
water hybrid NF at various ¢ s (0.005-0.5%) and temperatures
(25-75 °C). Based on their empirical findings, it was observed that the
enhancement of both temperature and ¢ leads to an improvement in the
thermal conductivity of NFs. The findings indicate that a higher pro-
portion of ¢ leads to a more significant boost in TC, particularly at higher
temperatures. However, the effect of ¢ increase on TC was greater than
that of temperature. Aty = 0.5% and T = 75 °C, the TC was 27.84%
greater than that of the BF. Hemmat et al. [10] carried out an investi-
gation on the relative TC of a hybrid NF made up of MWCNTs, MgO, and
ZnO (15:50:35) NPs, together with water. It was shown that parameters
such as temperature and ¢ affect the relative TC of the HNF. In the
optimal testing scenario, a relative TC of 32.70% was determined. By

Table 1

Specifications of input data.
Number @ (%) Temperature (°C) TC (W/m.K) Number @ (%) Temperature (°C) TC (W/m.K)
1 0 20 0.587 16 0.3 20 0.68
2 0 30 0.606 17 0.3 30 0.712
3 0 40 0.621 18 0.3 40 0.723
4 0 50 0.636 19 0.3 50 0.731
5 0 60 0.648 20 0.3 60 0.752
6 0.1 20 0.629 21 0.4 20 0.72
7 0.1 30 0.634 22 0.4 30 0.729
8 0.1 40 0.646 23 0.4 40 0.749
9 0.1 50 0.664 24 0.4 50 0.774
10 0.1 60 0.685 25 0.4 60 0.789
11 0.2 20 0.651 26 0.5 20 0.751
12 0.2 30 0.657 27 0.5 30 0.762
13 0.2 40 0.672 28 0.5 40 0.77
14 0.2 50 0.708 29 0.5 50 0.798
15 0.2 60 0.739 30 0.5 60 0.821
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Fig. 1. The behavior of inputs on outputs with a violin plot.

Table 2
Sensitivity analysis to assess the contribution and influence of inputs on outputs.
Input variables Conductivity
I ¢
) 36.0333 17.58
T 15.8 4.2

stirring SiOz and CuO NPs in an EG-based coolant, Kumar et al. [11]
created a hybrid NF. Simulations were run with varying ¢ s (from 0.1 to
0.5%) to determine its thermophysical parameters and thermal char-
acteristics. Overall, the TC increased by 6.5% when compared to water
and EG coolant. Recent research findings suggest that temperature has a
substantial role in influencing the thermal characteristics of NFs. How-
ever, prior investigations have not extensively explored the influence of
temperature on the alteration of the TC of NFs. The TC of CuO/water and

186

Al,O3/water NFs was studied by Li and Peterson [12]. At higher tem-
peratures, they observed a more pronounced influence of ¢ for NF-
containing aluminum oxide NPs. Karthik et al. [13] conducted a
research on water-CuO NF to determine its TC. The findings of their
investigation show that the TC of NF undergoes considerable shifts as
the temperature varies. The study conducted by Fedela et al. [14]
examined the behavior of titanium oxide NPs in aqueous solutions. The
researchers found that the TC of the NF increases as both the ¢ and the
temperature of the nanofluid increase. Gao et al. [15] employed mo-
lecular dynamics simulations to investigate the thermal performance
and hydrodynamics of a NF that consisted of water, carbon nanotubes,
and graphene nanosheets. They examined how the hydrodynamic and
thermodynamic properties of the NF vary with temperature and pres-
sure. The results demonstrated that a higher initial temperature
improved oscillation amplitude and particle mobility, resulting in a
higher TC. Adun et al. [16] studied the dynamic viscosity and TC of an
Aly03-ZnO-Fe304 hybrid NF with varying mixture ratios at various ¢ s
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Table 3
Variables and range of changes in machine learning algorithms.

Algorithm  Variables and range
MLP Variables ~ Number of Number of Activation
neurons layers function
Range [1,20] [1,5] [Tansig,
[ Purelin]
GMDH Variables ~ Number of Number of Coefficient
neurons layers pressure
Range [1,5] [1,5] [0,1]
ELM Variables ~ Number of Number of -
neurons layers
Range [1,20] [1,5] -
SVM Variables  Activation - -
function
Range [Linear, - -
Polynomial, RBF]
RBF Variables ~ Number of Spread -
neurons
Range [1,20] [0,20] —
D-Tree Variables ~ Minimum Parent - -
Size
Range [1,10] — —
ANFIS Variables  Type function Membership
function
Range sugeno [1,10]

for a range of temperatures (25 °C-65 °C). The outcome demonstrated
that the NF’s thermophysical characteristics were considerably influ-
enced by temperature and ¢. The mixture ratios 1:2:1 and 2:1:1 produce
TC enhancements of 31.68% and 32.92%, respectively, while the 1:1:1
ternary HNF produces the maximum TC enhancement (36,018%). Atgp
= 1%, the optimal TC enhancement (relative to water) was reported to
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be 18.98%, 28.588%, and 32.455% for mono, hybrid NF, and ternary
NF, respectively. The TC of a hydraulic oil-based NF was studied by
Shahsavar et al. [17] throughout a wide variety of ¢ s, temperatures, and
mixing ratios in the presence of ternary nano-additives, graphene oxide,
iron oxide, and titanium dioxide. The measurements showed that a rise
in temperature and ¢ s enhanced the TC of ternary HNFs for all mixing
ratios. The optimal conditions for TC augmentation were found to be at
65 °C and 1% VF. Guan et al. [18] used molecular dynamics simulation
to investigate the mechanisms by which HNFs enhance TC. The micro-
scopic principles behind the enhanced TC of HNFs were studied and
discussed. The researchers conducted an estimation of the TC of both Cu
and Ag nanofluids, as well as the Cu-Ag hybrid nanofluid. Their objec-
tive was to examine the influence of the hybridization ratio and identify
the fundamental mechanisms responsible for the enhancement in the TC
of HNFs.

In recent years, there has been a notable acceleration in the incli-
nation towards employing modeling techniques as opposed to depend-
ing solely on statistical methods. The utilization of these methodologies
has demonstrated a significant level of precision in predicting the results
of many processes, mostly attributed to their direct reliance on empirical
data. Several examples of such methodologies include genetic algo-
rithms, adaptive neural-fuzzy inference systems, fuzzy logic, and artifi-
cial neural networks. Researchers in many different scientific and
technological areas have taken an interest in Machine Learning because
of its high response accuracy and generalizability to different settings
[19-22]. In this way, Rostami et al. [23] used an ANN model and curve
fitting to predict the TC of a hybrid NF made of graphene oxide and CuO,
based on experimental data. From the curve-fitting method, they pro-
posed a two-variable empirical correlation as a function of temperature
and ¢. The desired outcome in their study was the TC ratio, with tem-
perature and ¢ serving as inputs for the ANN. Their results showed that
the TC of the HNF could be accurately predicted using the ANN and the
proposed correlation. By using an ANN model, Yang et al. [24] calcu-
lated the TC of WO3-MWCNTs/ engine oil hybrid NF. The initial tests
were performed at T = 20 °C to 60 °C withg = 0.05 to 0.6%. The ab-
solute error values of the ANN technique were found to be zero in many
cases. Moreover, the ANN exhibited decreased error levels compared to
the correlation technique. To generate a hybrid NF, Pare and Ghosh [25]
dissolved ZnO, CuO, and alumina NPs in water. The study examined a
range of temperatures spanning from 20 °C to 90 °C, as well as a range of
¢ values between 0.02% and 2%. The ANN model considered the ¢ and
temperature as the input data, and the output data was TC of NF. The
results of the ANN model matched those of the experiments. In a sepa-
rate study, Hu al. [26] studied mechanism, application and prospects of
nanoparticle -enhanced coolants in machining. To foretell the TC of
silver/water NF, Ramezanizadeh and Nazari [27] suggested a correla-
tion and an ANN model. The input data included particle size, ¢, and
temperature. After comparing their respective models, it became clear
that the ANNs provided more accurate and relevant outcomes. PVR et al.
[28] tested the TC and viscosity of a novel HNF at varying temperatures,
using four different mixing ratios and three different volume concen-
trations. Nanofluid was prepared using copper oxide, graphene

Table 4

The value of evaluation criteria for the objective function TC.
Algorithm R RMSE MAE MSE R2 MAPE
MLP 0.99434 0.006601 0.005321 4.356%e—5 0.98872 0.777235
SVM 0.99431 0.006573 0.004096 4.032%e—5 0.98865 0.584963
RBF 0.98974 0.008821 0.005457 7.7809*e—5 0.97958 0.768879
D-Tree 0.99376 0.006825 0.0051 4.658%e—5 0.98756 0.71911
ELM 0.99495 0.0068 0.004931 4.6246%*e—5 0.98993 0.70904
MLR 0.99356 0.006933 0.005333 4.807*e—5 0.987 0.761308
ANFIS 0.98208 0.011834 0.004943 14*e-5 0.98843 0.734157
GMDH 0.99463 0.00635 0.005126 4.032%e—5 0.9893 0.742135
MPR 0.99711 0.004654 0.003441 2.1657*e—5 0.99422 0.483951
GPR 0.99463 0.00633 0.004932 4.0066*e—5 0.9893 0.710336
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Fig. 3. Margin of deviation for TC of MWCNT-CuO-CeO, (20-40-40)/water HNF.

nanoplatelets, and alumina nanoparticles with a water-ethylene glycol
mixture as the BF. The TC results demonstrated that graphene nano-
platelets dominate the particle mixture. Furthermore, an ANN model
was developed to predict the TC and viscosity. A regression coefficient of
0.994996 was obtained, indicating that the ANN model and the extant
experimental data were in good agreement. To determine how adding
MWCNT to paraffin changed its TC, Rostami et al. [29] used ANN
modeling and a response surface methodology (RSM). As input factors, ¢
(0.005-5%) and temperature (25-70 °C) were investigated, with the
nanofluid TC as the output parameter. Calculations demonstrated that
the ANN technique was more precise than the RSM. Colak [30]
measured the TC of water-based ZrO, NFs at different ¢ s and temper-
atures ranging from 10 °C to 65 °C. Using the given experimental data,
an ANN was constructed, and a new correlation for calculating TC values
was proposed. The findings of the study indicated that the TC of NF was
higher compared to that of BF. Furthermore, it was observed that the TC
of NF rose as the ¢ and temperature increased. In addition, the results
demonstrated that the created ANN and the correlation were in perfect
accordance with the experimental data.

In this particular study, a total of ten different types of regressors,
namely MLR, D-Tree, MLP, SVM, ELM, RBF, ANFIS, GPR, MPR, and
GMDH, are employed to make predictions on the TC of a hybrid NF
consisting of MWCNT-CuO-CeO5 (20-40-40) dispersed in water. The
design elements in present study are temperature and the solid volume
fraction (¢). The dimensions of MWCNT, CuO and CeO nanoparticles
are 5-10 nm, 40-50 nm and 10-30 nm respectively. By employing the
established governing equations that establish a relationship between
the design variables and the objective functions, it becomes possible to

188

make a prognostication on the outcomes of the simulation.
2. Description before processing

Currently, nanofluids are widely employed in various scenarios and
contexts, making significant contributions to the fields of scientific
research and industrial practices. Given the experimental nature of the
research, conducting studies on them in a laboratory setting incurs
significant costs and requires a substantial investment of time. Never-
theless, the implementation of robust artificial intelligence systems has
the potential to mitigate the aforementioned testing . The field of data
analysis encompasses a wide range of methodologies and techniques for
prediction. Continuous advances and additions to this repertoire are
observed on a daily basis. These methods can be classified as subgroups
within the field of machine learning. The approaches in question
encompass a range of mathematical techniques, including algorithms,
linear equations, and polynomials involving one or more variables.
Nevertheless, the aforementioned techniques may not possess the same
level of simplicity as supervised algorithms and other neural networks,
since they inherently exhibit a certain degree of intricacy. There are
multiple approaches available for evaluating and optimizing perfor-
mance. This paper will commence by analyzing the trajectory of the
present investigation, followed by a comprehensive examination of the
algorithms and methodologies employed in this research. This study will
commence by introducing and afterwards discussing machine learning
algorithms. Next, an analysis is conducted on the hyperparameters of
these algorithms and their corresponding evaluation methods. Ulti-
mately, the optimal fluid properties will be determined by the utilization
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Fig. 3. (continued).

of the genetic algorithm.
2.1. Introduction of machine learning algorithms

To conduct a comprehensive analysis of the experimental data, it is
imperative to establish a mathematical correlation between the input
and output variables. This entails conducting a curve fitting or regres-
sion procedure on the data, utilizing a variety of methodologies. Design
variables in this study are solid volume fraction (¢), and temperature.
The objective function is also TC of MWCNT-CuO-CeO, (20-40-40)/
water HNF. ANNs will be discussed later. In the current research, a total
of ten regressors are employed for the purpose of conducting regression
operations. These regressors include MLR, D-Tree, MLP, SVM, ELM,
RBF, ANFIS, GPR, MPR, and GMDH. In the subsequent section, these
algorithms will be shown.

189

2.1.1. Group method of data handling

This type of artificial neural network (ANN) has been employed by
engineers in a variety of disciplines [31-37]. The primary objective of
the GMDH ANN is to generate and predict meaningful output data. The
input layer, the hidden layer, and the output layer are the three
fundamental layers that make up this ANN [38,39]. Each neuron carries
a polynomial equation because the inputs are gathered in the form of (%)
combinations. The neurons are combined similarly to reach the final
layer, also known as the output layer. The input function and the output
value of the GMDH ANN are, respectively, x and y. The approximate
function f is the estimated output value that is predicted by ANN using y
and alsof. In functions with multiple inputs M and one output, the actual
values are calculated based on Eq. (1).

y = f(Xi1, Xi2, Xiz, -+ Xin ) (1 = 1,2, 3, -, M) @

With the input vector X = (x;1,Xi2,Xi3, -+, Xin), the values of y are
predicted by the function T, and its equation is tested by Eq. (2).
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Fig. 3. (continued).

Vi :?(Xilyxibxih o Xin) (1= 1,2,3, -, M) 2

In the subsequent phase, the error squared value that must be
minimized between the output and the estimated output of GMDH must

be calculated. Using Eq. (3), the least squares error equation between
these two outputs is estimated.

3

M
Z [f(xilaxiZ»xB; "'-7xin) - ?i}z—ﬂnin
i—1

The Volterra series connects the inputs and outputs ; whose rela-
tionship is given by Eq. (4).

n n n

n n
E E a;xixj + E E Qi XXXy
=1 j=1 k=1

i=1
As shown in Eq. (5), the Kolmogorov-Gabor polynomials organize
the polynomials discussed in Eq. (4).

y=ao+ Zaixi + @
pr

i=1

190

(5)

Regression is used to calculate the a; coefficients, and Egs. (1) and (2)
are explained by Eq. (6), which must be minimized.

o= G
M

P 2 2
y= G(thj) = ap + a1X; + axx; + az3x;” + agx;” + asxix;

E= —min (6)

The least squares method and the polynomial regression given by Eq.
(2) can be used to predict the best outcome.

2.1.2. Multiple linear regression

Multiple simple regression (MLR) depicts the relationship between a
group of independent variables and dependent variables. If there are
independent variables x;,X3, ...,X,, then to establish a linear relationship
between them and the variable y, Eq. (7) must be developed between
independent variables.
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7

In this respect, the a;,ay,...,a, values are called regression co-
efficients, and a, is the error value between the original and predicted
variables.

Y =ag+ax +ayx; + - +ax,

2.1.3. D-tree

D-Tree algorithms are inspired by real trees. It comprises, by defi-
nition, of a root that branches out until it reaches a leaf. This algorithm’s
applications include the classification of discrete and continuous data
and regression operations involving real or continuous input data [40].
The criterion for data segmentation is subset minimization. This algo-
rithm can perform well with complex data, but as the data grows, so do
the algorithm’s branches and leaves, execution time is increased. To
address this issue, a method to reduce the number of leaves was incor-
porated into the algorithm. Among these techniques, emphasis can be
placed on pruning branches and determining the number of branch
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divisions. The classification of data by D in this algorithm is defined by
Eq. (8).

€))

A D-Tree attempts to partition the data recursively so that each node
has the same independent variable y. Each node is a subset of the
recursively constructed data. Specifically, at node m, if the data is Q,
select the dimension of the dependent variable and a threshold, and then
divide the data in half based on this dimension and threshold, so that the
mean becomes the independent variable or y becomes the independent
variable. This dimension and threshold are called § = (j, t,). The range
of jisequal to [1,---,d] and t,, is an integer. According to 6 = (j, tn), Q is
divided into two sections Qi (6), and Qg (6), as explained in Egs. (9)-
(12).

N =10

D = (x1,%2), e (%1, 91)s - (%, ) ¥i €R x €R

)]
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Fig. 4. Residual for TC of MWCNT-CuO-CeO, (20-40-40)/water HNF by different algorithms.
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Hig = | Qien (6) | 10)
Nyight = |Qrigh/(9) | (11)
G(0.8) = " H(Q1n(6)) + "2 H Qi (6)) a2)

N, N

The goal is to find the optimal 6 to minimize impurities. Similar
processing is performed recursively for Qi (0) and Qg (6). One possible
approach to transforming certain nodes into leaves is by establishing a
minimum value for N,,, which represents the amount of data contained
within a node, or by considering the depth of the tree. By implementing
this criterion, if any of these conditions is altered such that the node is
halved, the node will not be split and instead will be converted into a
leaf. The model usually changes because of these two parameters. At the
process starts, the node carries all the data, so Q = D. For regression
problems, impurity calculations are performed according to Egs. (13)
and (14).

1
Y = me ;)’i 13)
1
H(Q) =Y (v =)’ 14
N’“ i€ENy

2.1.4. Multi-layer Perceptron ANN
MLP ANN is one of the robust ANN algorithms implemented in
various technical fields . There are three layers in this algorithm:

e Input layer,
o hidden layer
e output layer

The input layer carries the graph variables and the output layer
consists of the goal function. A hidden layer links the input to the output.
This is done by neurons, which pass all input data through numerical
operations to the output layer. Assuming the input data is represented by
the vector X = (x1,X2,X3,"**,Xn), all the input data are first represented by
the vector W = (w1, wz,ws, -+, Wp), a constant value wq , known as the
bias, is added as can be seen in Eq. (15).

n
c= E Xiw; +wy
=1

After the input weighting operation, each c value is predicted by the
activation function f, the predicted value is represented by ¥, and the
difference between this value and the output value of y should be
minimal.

(15)

y =f(c)y —y—min (16)

There exists a variety of activation functions that can be utilized for
regression procedures. However, among these options, the hyperbolic
tangent function (Tansig) and the linear function (Purelin) are the most
commonly employed. These functions are mathematically represented
by Egs. (17) and (18), respectively.

£(0) = tanh(e) = £

a7
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Fig. 4. (continued).

fle)=c

The process of assigning weights to incoming data and subsequently
approximating it using an activation function occurs within the neuron,
hence constituting the formation of the first layer within the middle
layer of the neuron. The subsequent layer (referred to as the hidden
layer) is generated by applying an activation function to the input data,
which has been weighted based on predictions made by these neurons.
The activation function is applied to the hidden layer of the hyperbolic
tangent function as well as the output of the linear function.

(18)

2.1.5. Support vector machine

SVM is a supervised learning approach utilized for both classification
and regression tasks [41-43]. One prevalent application of Support
Vector Machines (SVMs) is the organization of data points. Conse-
quently, the plane is regarded as a means of spatially dividing the spots
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that are farthest away from one another. Subsequently, two planes are
deemed to be equidistant from the aforementioned separation plane,
serving as markers for demarcating the boundary of the points. This

maximizes the distance between these two planes, which are IWZH to the

central plane, and also indicates the border of the points. Therefore, |w||
should be as small as possible. Points lying on these two bounding sur-
faces are called support vectors. SVMs can be used in both linear and
nonlinear methods for classification and regression. The linear SVM of
the split plane has a linear equation type, whereas the nonlinear SVM is
also a nonlinear vector with Gaussian polynomials. This model attempts
to separate the linear equations or planes between points in order to
obtain the desired equation and a good regression. To decrease this line,
a parameter is described, and for values of this parameter close to zero,
the assist vector regression operation is effective. It complicates the
regression technique on the one hand. A nonlinear Gaussian functional
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regression method is implemented in the current work.

2.1.6. Extreme learning machine

Extreme machine learning is a class of ANN algorithms used for
classification, regression, clustering, sparse approximation, compres-
sion, and feature learning [44,45]. This algorithm, like other ANN al-
gorithms, contains one or more hidden layers. However, unlike
perceptron hierarchical ANNs and radial ANNs, the weights in extreme
machine learning ANNs are randomly determined and never updated
(programmed randomly but using nonlinear transformations). Use the
neurons from the previous layer unchanged. The input matrix is x = (x;,
Xi2, -+, X;3) that (i =1, 2,3, ---M) and the output is obtained according to
Eq. (19).

y =f(xi, X, - %) (i = 1,2, 3, M) 19)

ANN predicts values whose function and output are represented by T
and y, respectively. For prediction, the input vector data are first
weighted and these weights are randomly selected and denoted as f.
This weighted value must then be passed through a mathematical
function in order for the predicted value to approach the output value.
This function is denoted by h based on Egs. (20) and (21).

hi(x) = f(ai, bi,x) (20)

2D

The values denoted as ’a’ and ’b’ correspond to configurations that
are associated with the activator function. In the prediction process,
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various mathematical or activation functions are utilized, with the
tangent hyperbolic function being the most frequently employed. This
function is formally stated as Eq. (22).

1
1+ emaxth

]7 = (22)
The matrix H, as defined in equation (23), contains all the output

values of the activation function.

(23)

()

The goal of the ELM algorithm is to estimate H matrix and the weight
matrix to predict the output values.

2.1.7. Radial basis function

Radial ANNs is a very effective technique utilized for tasks such as
function approximation, prediction, and pattern categorization [45,46].
Moreover, radial ANNs provide significant utility in the modeling of
nonlinear data. Similar MLP ANNSs, radial ANNs also demonstrate rapid
training capabilities. Similar to other ANN techniques, radial ANNs
consist of three distinct layers: an input layer, a hidden layer, and an
output layer. The input layer is responsible for carrying the input data,
while the hidden layer applies the radiation activation function to the
data. Ultimately, linear function is executed and the resulting output or
objective function is obtained. Within the hidden layer, the input data is
gathered and neurons are formed. The aforementioned neurons are
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characterized by their utilization of radial functions as units for pro-
cessing their inputs. Subsequently, weights are provided to the percep-
trons corresponding to each neuron as inputs to the neurons, similar to
the approach employed in a multi-layer ANN. The activation function of
the output layer is linear. The RBFs of the ANN are in correspondence
with Eq. (24).

50 = 3w (v (20

where x is the input vector, y is the output of the ANN, n is the number of
neurons in the hidden layer, c; is the center of neuron j, and wj; is the
weight value of the jth neuron in the hidden layer. The FBR, or Feedback
Receptive Field, is implemented within the buried layer neurons. @ is a
multidimensional radial basis function (RBF) that is capable of demon-

strating the distinction between the input vector and the mean vector.
There exist multiple radial basis functions (RBFs), with the Gaussian
function being the most prevalent among them. It is mathematically
stated as Eq. (25).

,HHJHZ)
o([x—ql) = e< (25)

where o; is the width of the jy, neuron in the hidden layer. The goal of a
radial basis function ANN is to find the center widths and weights of the
neurons connected from the hidden layer to the output layer so that the
value of the objective function or output can be correctly predicted.

2.1.8. Adaptive neuro-fuzzy inference system
ANFIS is an artificial neural network based on the Takagi-Sugeno
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fuzzy inference system. [45,46]. His logic is equivalent to a set of
approximate IF-THEN rules that are designed to approximate nonlinear
functions. [47]. Two parts can be identified in the network structure: the
antecedent part and the consequent part. To be more explicit, the ar-
chitecture comprises five distinct layers. The first layer is responsible for
receiving input data and subsequently determining the corresponding
membership functions. This layer is commonly known as a fuzzification
layer. The membership degree for each operation is calculated using the
assumed parameter set, denoted as (a, b, c). The second layer is
responsible for the production of the magnitude of the rule shots. The
subsequent layer is referred to as the “regulatory layer” due to its
designated function. The mission of the third layer is to do the
normalization of the calculated data. The data is subsequently trans-
mitted to the fourth layer. The received values undergo a phase shift,
resulting in a non-phased state. Subsequently, these data are transmitted
to the output [48]. The present study employed the ANFIS ANN 10
prediction model, whereby a Gaussian membership function was
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utilized as the input and a linear membership function was employed as
the output.

2.1.9. Gaussian process regression

These probabilistic regression models are supported by nonpara-
metric kernels. A Bayesian method generates a probability distribution
for all possible values. GPR models are implemented in numerous ap-
plications, including variable regression, experimental design, and
model fitting, and can also solve nonlinear regression issues [49-52].
The GPR method possesses several advantageous characteristics when
compared to other machine learning methods. Firstly, it is straightfor-
ward to implement and demonstrates effective performance when
dealing with small data sets. Moreover, GPR exhibits self-adaptive ca-
pabilities, enabling accurate parameter estimation. Moreover, GPR can
be seamlessly integrated with various machine learning tasks, including
model training, uncertainty estimation, and hyperparameter estimation.
This versatility further enhances the appeal and utility of GPR [53].
Gaussian Process (GP) enables the incorporation of prior information
and specifications for the structure of the model through the selection of
various kernel functions. The GPR methodology operates under the
assumption that the observed value of the dependent variable, denoted
as y, may be mathematically represented by Eq. (26).

y = (X)) +e 26)

where the function f represents an unidentified nonlinear operator that
is assumed to be well-behaved. The variable ¢ denotes Gaussian noise,
with a variance of ¢,2,. Lastly, X represents the observed value of the
input variable, namely the measured price. Within the realm of function
space, there are prior probabilities that can be elucidated by a Gaussian
process, wherein the mean is denoted as m(x) and the covariance is
represented by cov(x,x) in Eq. (27).

f(x) GP(m(x), cov(x,x’) )

In the context of the given variable amount x", the response variable
can be predicted by utilizing the probability distribution p(y*|X,y,x"),
which is determined using the mean and variance as described in Egs.

27)



R. Rostamzadeh-Renani et al.

60

N W
() o

Temperature (C°)

(O8]
o

0.2

0.3
P(%) " o4
0.5

20 <%

Alexandria Engineering Journal 84 (2023) 184-203

0.84

0.81

0.78

0.75

0.72

0.69

TC (w/m.K)

0.66

0.63

0.60

0.57

Fig. 7. Surface and contour plot of inputs (¢, T) and TC of MWCNT-CuO-CeO, (20-40-40)/water HNF.

(28), 29).

~F * Ty 2\ —1 *

Vo= m() K (K 40,71 (v = m(m(x))) (28)
ol =k +0°—(K+6.1) 'K 29)
where k* represents the vector delineated by |k*|; = cov(x;, x*), k' =

cov(x;,x*) and K represents the variance matrix with parts |k’|; =
cov(x;,x;) and i represents the scalar matrix. In contrast to traditional
regression methods, which rely purely on parameterization to define
model predictions, the model output in this case is the training data
belonging to dataset X, y. The implementation of these parameters,
generally referred to as hyperparameters, entirely determines the pre-
dictive probability distributions. Hyperparameter values are obtained
by maximizing the log-likelihood operation of the training dataset as
delineated in Eq. (30).

199

logp(ylx) = — %y’ (K+a0) 'y % log(|K +0,21]) - glog(Zﬂ) (30

2.1.10. Multivariate polynomial regression

Polynomial regression can be employed for a univariate regressor
variable, known as simple polynomial regression, or it can be applied to
several regressors, known as multiple polynomial regression [54,55]. An
example of a second-order multiple polynomial regression can be rep-
resented as Equation (31).

¥ = PBo+Bix1 +oxy + frxi’ + s’ +Proxiny +€ (3D
Again, this can be represented in matrix form as following
Y=pX+e (32)

The parameters of the given equation can be calculated as Eq. (33):
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Table 5
Examining the changes in mutation rate and crossover on response convergence, convergence time, and NFE.
Crossover rate Mutation rate NFE Time (sec) Best cost Crossover rate Mutation rate NFE Time (sec) Best cost
0 0 1100 1.597511 0.81264 0.6 0.1 71,100 6.250931 0.82213
0.1 0 11,100 2.48828 0.81268 0.7 0.1 81,100 7.598963 0.82213
0.2 0 21,100 3.025789 0.80763 0.8 0.1 91,100 4.598289 0.82213
0.3 0 31,100 3.111704 0.80443 0.9 0.1 101,100 5.029778 0.82213
0.4 0 41,100 3.388217 0.81392 1 0.1 111,100 5.13685 0.82213
0.5 0 51,100 3.806781 0.81478 0 0.15 16,100 2.263082 0.82213
0.6 0 61,100 4.348441 0.818 0.1 0.15 26,100 2.744492 0.82213
0.7 0 71,100 4.725215 0.80438 0.2 0.15 36,100 2.970924 0.82213
0.8 0 81,100 4.67458 0.81126 0.3 0.15 46,100 3.245361 0.82213
0.9 0 91,100 4.8116 0.80914 0.4 0.15 56,100 3.910177 0.82213
1 0 101,100 5.467484 0.80813 0.5 0.15 66,100 3.729666 0.82213
0 0.05 6100 1.943656 0.82213 0.6 0.15 76,100 3.828314 0.82213
0.1 0.05 16,100 3.19447 0.82213 0.7 0.15 86,100 4.948961 0.82213
0.2 0.05 26,100 2.913729 0.82213 0.8 0.15 96,100 4.500804 0.82213
0.3 0.05 36,100 4.189357 0.82213 0.9 0.15 106,100 4.956517 0.82213
0.4 0.05 46,100 3.82745 0.82213 1 0.15 116,100 5.542763 0.82213
0.5 0.05 56,100 5.187767 0.82213 0 0.2 21,100 2.875794 0.82213
0.6 0.05 66,100 4.409594 0.82213 0.1 0.2 31,100 3.095718 0.82213
0.7 0.05 76,100 4.581536 0.82213 0.2 0.2 41,100 4.198397 0.82213
0.8 0.05 86,100 4.309941 0.82213 0.3 0.2 51,100 3.759031 0.82213
0.9 0.05 96,100 5.42799 0.82213 0.4 0.2 61,100 4.759423 0.82213
1 0.05 106,100 5.294289 0.82213 0.5 0.2 71,100 4.40728 0.82213
0 0.1 11,100 2.364964 0.82213 0.6 0.2 81,100 4.476238 0.82213
0.1 0.1 21,100 2.73837 0.82213 0.7 0.2 91,100 4.784703 0.82213
0.2 0.1 31,100 5.543064 0.82213 0.8 0.2 101,100 5.10704 0.82213
0.3 0.1 41,100 3.422696 0.82213 0.9 0.2 111,100 5.412035 0.82213
0.4 0.1 51,100 3.650146 0.82213 1 0.2 121,100 5.554066 0.82213
0.5 0.1 61,100 3.723295 0.82213
algorithm that can be optimized in order to enhance the predictive ca-
Table 6 pabilities of the algorithm. For instance, the efficacy of the algorithm
Optimal point of the GA Algorithm. can be enhanced by optimizing the configuration of the hidden layer
o (%) T (°C) T ( w) through the adjustment of the number of neurons. Every algorithm
mK, possesses distinct hyperparameters that can be adjusted based on its
05 60 0.82213 structure. The hyperparameters encompass various factors, such as the
quantity of neurons in the hidden layer, the number of hidden layers, the
learning rate, the pressure coefficient for neuron selection, and the
activation function. In addition to configuring these hyperparameters, it
0.8220 is necessary to segment the data. The data is partitioned into three
' J_JJ distinct groups, namely training, validation, and testing. The optimal
0.8215 functioning of all three data categories is crucial, as any error within
these categories can significantly compromise the algorithm’s effec-
0.8210 tiveness. This study employs a data allocation scheme where 70% of the
- available data is designated for training purposes, 15% of the data is
& 0.8205 allocated for validation, and the remaining portion is reserved for
7 testing.
2 0.8200
2.3. Results review criteria
0.8195
0.8190 In order to assess the efficacy of a regression algorithm, it is impor-
tant to analyze its performance against a specific criterion. This article
0.8185 | employs several quantitative measures to assess the performance,
including the root mean squared error (RMSE), correlation coefficient
1000 2000 3000 4000 5000 6000 P
NFE (R), mean squared error (MSE), R squared (R*), mean absolute per-
centage error (MAPE), and mean absolute error (MAE). The aforemen-
Fig. 8. Convergence flow-chart by genetic algorithm. tioned requirements are delineated in Egs. (35)—(40).
A —1X R = Z:Izl (y[,Experimml - yLExpm‘imem) (yLANN - yi,ANN) (35)
= (xx> Xy (33) == - T —
Z,‘:] (yi.Experiment - yi,Experiment) Z,‘:] (yiANN - yiANN)
and the calculated regression equation is expressed as Eq. (34):
e - - > O y )?
“~ _ 2 2 iI,ANN — Vi Experiment
Y =Py +Bixit Poxa+ fxi” 4 Prpxa” + frxix (€2)] =
0 1 2 11 22 12 RMSE = i=1 (36)
n
2.2. Hyper-parameters and training .
MAE = Zi:l {yi,ANN - y[,Experimem| (37)

Hyperparameters refer to the adjustable parameters within an
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2
n
Z,‘;] (yiANN - y[.Experimen/)

MSE = . (38)
R—1— i (yi.ANN - yi.ELperimenr)z (39)
-1 Yi Experiment™
n | YiANN —YiExperiment
DI/
MAPE = *100 (40)
n

The deviation between the experimental results and the results pre-
dicted by the correlation can be calculated as Eq. (41) [56].

TCry — TCANN> 100

41
o “Dn

Marginofdeviation = (

3. Results
3.1. Data analysis

The study’s data is derived from Table 1, with the inputs being ¢ and
temperature. The primary objective is to predict and optimize TC. It is
crucial to examine the behavior of data prior to making predictions, as
understanding the relationship between the inputs and the output is
essential. Fig. 1 illustrates the variations in both the input and output
variables. Based on the data presented in Fig. 1, it is evident that there is
a positive correlation between the variable ¢ and the corresponding
increase in the value of TC, indicating its utility. Furthermore, it should
be noted that temperature exhibits similar characteristics to ¢ and
contributes to the elevation of TC. In order to conduct a more compre-
hensive examination of the influence of the data, one can employ
sensitivity analysis. The Morris sensitivity analysis is widely regarded as
a highly effective technique for conducting sensitivity analyses, and it
has been extensively employed in several investigations. The objective
of this analysis is to demonstrate the impact and involvement of input
factors on outcomes. In present study, the variable denoting influence is
represented by the symbol p, whereas the variable representing partic-
ipation is denoted by the symbol ¢. The examination of sensitivity
analysis is observable in Table 2. Based on the findings shown in Table 2,
it is evident that the variable ¢ exerted a more substantial influence on
TC in comparison to temperature. Furthermore, a method for assessing
the impact of input variables on the output is by visualizing the data
through a heatmap graph. The diagram depicted in Fig. 2 is observable.
Based on the findings presented in Fig. 2 and Table 2, it can be inferred
that both input variables exert a substantial influence on alterations in
the output.

3.2. Results of machine learning algorithms

To achieve the most effective selection of supervised machine
learning algorithms and ANNS, it is recommended to employ optimiza-
tion techniques such as GA. As previously stated, every algorithm pos-
sesses its own set of hyperparameters, which are discussed in Table 3,
displaying their respective ranges. The objective of the GA is to minimize
the discrepancy between the observed experimental data and the data
projected by the predictive algorithm.

Following the selection of the optimal mode for each algorithm
through the utilization of a GA, it is now feasible to examine other in-
dicators, as presented in Table 4.

Based on the findings presented in Table 4, it can be observed that
the MPR algorithm exhibits the highest level of performance. In order to
evaluate the accuracy of this correlation, a bias analysis of the TC ratio is
conducted.

Fig. 3 shows the calculated deviation margin for TC of MWCNT-CuO-
CeO3 (20-40-40)/water HNF. It can be found that the maximum margins
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of deviation related to GPR, MLR, D-Tree, ELM, MPR, MLP, RBF, SVM,
ANFIS and GMDH algorithms are equal to 0.031, 0.02579, 0.028946,
0.033889, 0.01568, 0.02515, 0.03485, 0.03, 0.0385 and 0.0178,
respectively. Moreover, Fig. 4 shows the KDE plot for the difference
between experimental data and the data predicted by regression algo-
rithms. In this diagram, it can be seen that there is less residual
dispersion in the MPR algorithm and these residuals are close to zero.
The Taylor diagram serves as a supplementary tool for data analysis. The
diagram provided is highly commendable for the purpose of doing data
analysis. Values that are in close proximity to zero suggest that the data
possesses a suitable standard deviation (STD), a correlation coefficient
(R) that is close to one, and a root mean square deviation (RMSD) that is
close to zero. Hence, when assuming this position, it offers the optimal
condition. The Taylor diagram for TC is shown in Fig. 5. According to the
findings presented in Table 3, the MPR algorithm demonstrated the
highest performance in predicting the attributes of TC, whereas the RBF
method exhibited the lowest performance. The values of R, RMSD and
STD for MPR and RBF algorithms are 0.9971, 0.0047, 0.061 and 0.9897,
0.0088, 0.0594, respectively. This issue is also evident in the Taylor
diagram. According to Table 4 and Figs. 3-5, the MPR algorithm has
performed better than other algorithms.

The target of using regressions is to develop a relationship between
input and output variables. Eq. (42) shows the relationship between
inputs and outputs.

TC = 0.0812413*T — 0.00437447*T* 4-0.000115764*T* — 1.4791e
—06*T* 4 1.0025*SC — 0.00238955*SC*T — 0.00172815*SC*T?
+4.02262¢ — 05*SC*T> — 2.2619¢ — 07*SC*T* — 8.25143*SC*
+0.369602*SC**T — 0.00311451*SC**T* — 8.92857¢ — 06*SC**T*3
+18.2139*SC% — 0.703234*SC*>*T 4 0.00542989*SC**T*
— 11.1667*SC* 4-0.277083.*SC**T — 0.166667*SC° +7.31019¢ — 09*T°
(42)

After obtaining the governing equations between the design vari-
ables and the objective functions, the simulation data can be predicted
using these equations. By plugging the input values into the equations,
the output values for the TC of MWCNT-CuO-CeO, (20-40-40)/water
HNF can be calculated. The MPR algorithm’s predicted values can be
compared to experimental data. Fig. 6 illustrates the difference between
experimental data and data predicted by the MPR algorithm for the TC
of MWCNT-CuO-CeO, (20-40-40)/water HNF.

Fig. 7 also displays the surface and contour plots of these objective
functions with inputs. It can be observed that the TC of MWCNT-CuO-
CeO3 (20-40-40)/water HNF rises as temperature and ¢ increase.

3.3. Optimization

The evolutionary algorithm employs generated equations as input
[31,42,57-59]. It maximizes the objective function, which is the TC of
MWCNT-CuO-CeO5 (20-40-40)/water HNF. A suitable convergence is
accomplished by selecting an initial population and monitoring the
changes in mutation rate and crossover rate to test the convergence. In
order to examine convergence, an investigation was conducted by
altering these two factors, as depicted in Table 5. The convergence of the
method is observed when the mutation rate is set to 0.05. However, the
convergence time is just prolonged due to the crossover of the mutation
rate. This can also be seen in the high rate of intersections. Therefore, the
most suitable mutation rate, crossover rate, population size, and some
generations for GA algorithm processing are set to be 0.05, 0, 100, and
1000, respectively.

Eq. (43) is used to calculate the range of design variables and
objective functions. Furthermore, Table 6 and Fig. 8 show the most
optimal point for TC of MWCNT-CuO-CeO5 (20-40-40)/water HNF.

Maximize TC = fo(¢p,T) “3)
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4, Conclusion

The thermal conductivity of MWCNT-CuO-CeO, (20-40-40)/water
HNF was predicted using a set of 10 regressors in the current study. Both
solid volume fraction (¢) and temperature were considered as design
variables. The simulation data was predicted using the governing
equations established between the design variables and the objective
functions. Values for TC of HNF were calculated as a result of plugging
the inputs into the appropriate equations. The MPR algorithm’s pre-
dicted values were compared to actual measurements. According to
Morris sensitivity analysis and data analysis graphs, the most important
effect was on the output of variable ¢ and then temperature. Also, the
maximum margin of deviation related to GPR, MLR, D-Tree, ELM, MPR,
MLP, RBF, SVM, ANFIS and GMDH algorithms was equal to 0.031,
0.02579, 0.028946, 0.033889, 0.01568, 0.02515, 0.03485, 0.03, 0.0385
and 0.0178, respectively. According to the Taylor diagram, MPR was the
best algorithm for TC quality prediction and RBF was the worst algo-
rithm. The values of R, RMSD, and STD for the two MPR and RBF al-
gorithms were 0.9971, 0.0047, 0.061 and 0.9897, 0.0088, and 0.0594,
respectively. By examining the genetic algorithms parameters such as
mutation rate and crossover rate, it was found that the rise in crossover
increases the NFE, and this means that more equations are evaluated and
the convergence is delayed. Also, up to the mutation rate of 0.05, there
were changes in the objective function and it converged afterward.
Finally, the best value of TC occurs when the temperature and ¢ were the
highest.

5. Future directions

Viscosity of MWCNT-CuO-CeO5 (20-40-40)/water hybrid nanofluid
(HNF) can be predicted using different regressors in the future studies.
Also, shear rate can be considered as a design variable.
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