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ARTICLE INFO ABSTRACT

Keywords: Near the suction/injection area, a scientific definition for laminar boundary layer flow and heat
Suction/injection transfer of an incompressible viscous flow over a stretching cylinder is given. In the study, dif-
Incompressible viscous flow ferential equations with partial derivatives are converted into dimensionless coupled equations
Finite element method using numerical and analytical methods of Akbari- Ganji and Finite Elements Methods. The

Stretching cylinder goal of this first stage of research and research on this topic is to use simplified forms to simplify

equations using derivatives of simplified forms; the analysis of the displacement of the heat flux
and the velocity gradient will be done using the changes of the Prandtl number. Based on the
results obtained on this issue, it is found that the suction process increments surface firmness
and quality, whereas the injection decreases surface skin friction. Also, at the points where the
water and oil are attached to the surface of the cylinder, the heat has reached its maximum value,
and as the distance increases along the Y axis, the temperature decreases. The highest tempera-
ture gradient is observed for water fluid. This shows that the use of water fluid around the cyl-
inder accelerates the process of heat transfer from the surface to the outside of the boundary
layer. One of the differences between the use of oil and water fluid around the cylinder according
to the 2D contours is the difference in the temperature gradient of the two fluids. So that the
highest temperature gradient is observed for water fluid.

1. Introduction

With technological advances, we are always looking for ways to deliver mechanical products more quickly and with superior
quality. Science has an important role in achieving this goal. One of the most significant advances in science is in fluid mechanics. The
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effect of fluid flow fields on stretching cylinders has attracted the attention of many researchers and has been comprehensively
investigated. The combination of fluid mechanics science and mechanical issues has solved important engineering issues in industries
[1-5]. Examining heat transfer and fluid flow on an expanding cylinder connected to hot rolling, refinery, and forming is vital for
industries, and researchers are doing various studies to find better performance.

In the previous sentences, we discussed the definition of stretched cylinders and their applications in the engineering
industry. A mathematical model can portray a system utilizing numerical concepts and language. The method of creating a mathe-
matical model is named scientific modeling. Numerical models are used within the usual sciences (such as material science, science,
soil science, and chemistry) and designing areas (such as computer science and electrical building), as well as in non-physical
frameworks such as the social sciences (such as financial matters, brain research, human science, political science).

The utilization of scientific models to understand issues in commerce or military operations may be an expansive part of the field of
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operations. Numerical models are utilized broadly in the music industry [6-10]. In science, a nonlinear framework could be a
framework in which the alter of the results is not relative to the input change. Nonlinear issues intrigue engineers, biologists, physicists,
mathematicians, and other researchers since most frameworks are undeniably nonlinear. Nonlinear dynamical frameworks, portraying
changes in parameters over time, may appear weird, differentiating from much less complicated straight frameworks. A nonlinear
equation is such that it does not frame a straight line. It looks like a bend in a chart. The significant contrast between linear and
nonlinear conditions [11-15]. Another essential subject in mechanical engineering is the science of heat transfer. Heat exchange is the
main factor for thermal designing that concerns the utilization, change, and transfer of heat vitality (warm) between physical
frameworks.

Heat transfer is classified into three different types: conduction, convection, and radiation. Engineers moreover consider the mass
exchange of contrasting chemical species (mass exchange within the frame of advection), either cold or hot, to realize heat exchange.
Whereas these components have specific characteristics, they regularly happen at the same time within the same framework. Con-
duction is the coordination of small trades of active vitality of particles through the boundary between two frameworks. When a
question is at a different temperature from another body or its environment, heat flows so that the body and the environment reach the
same temperature. At this point, they are in heat equilibrium [16-20]. Another topic related to this article is the discussion of suction
and injection. Suction/injection is utilized to control the liquid flow within the channel, and the exothermic chemical response of the
Arrhenius dynamic is considered. Numerical results are displayed graphically and quantitatively to illustrate various parameters
within the problem [21-31]. Toghraie and his colleagues [32-35] did a lot of research on entropy changes and heat transfer rates with
mathematical and analytical methods. They analyzed them in various dimensions by using the finite element analysis methods and
fluid numerical methods while solving differential coupled equations. The goal of this first stage of research and research on this topic
is to use simplified forms to simplify equations using derivatives of simplified forms. the analysis of the displacement of the heat flux
and the velocity gradient will be done using the changes of the Prandtl number.

In the second step, by using the finite element method, two fluids (water and oil) were added around the cylinder and investigated
in various parameters to choose the most suitable fluid for this application. The novelty in this paper is the use of two analytical and
mathematical engineering techniques, AGM and FEM. This transforms the equations from the differential to simple states and com-
putes various fluid parameters such as the Prandtl and Nusselt numbers. In the framework of dimensionless equations. Among other
innovations of this article, we can examine the differential equations with partial derivatives of this problem with the finite element
method for the first time.

2. Mathematical modeling and governing equations

Near the suction/injection area, a scientific definition for laminar boundary layer flow and heat transfer of an incompressible
viscous flow over an expandable-stretching horizontal cylinder (according to Fig. 1b) is given. The cylinder contracts/expands by
changing its radius over time. Here the radius of the cylinder is granted to be a(t) = ap+/T — Bt in which ag is the radius of the cylinder
at time t = 0 and p is a constant representing the contraction (§ > 0) or expansion (p < 0) of the cylinder.

In the first part of the description of this research article, the dimensionless differential equations (Equations (8) and (9)) have been
solved by Akbari Ganji’s analytical and numerical method, and the changes in the fluid parameters of Prandtl number (Pr) and
instability (A) are shown in 2D diagrams. In the second part, by using the primary equations of partial derivatives (equations (1)-(3))
and using the finite element method for their analysis, we obtained 3D contours of temperature changes and velocity changes around
the pipe. The mentioned texts are a summary of the objectives of this article. Also, a flowchart is included in Figure 1a to guide the
readers of this article.

In the lower part, energy and momentum equation forms are used for fluid flow [25]:
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Fig. 1b. 2D image of the article schema.
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Where (u*) and (w*) are the fluid velocity parts along x— and r — axes, respectively, v is the fluid kinematic viscosity, T* is the fluid
temperature, a is the fluid thermal diffusivity and V is the suction (V < 0) or injection (V > 0) permanent.
The following equation is a dimensionless expression:

1 ®)
The above equation is utilized to turn the structure of partial differential conditions (1-3) into a simple differential condition

framework. By using the dimensionless stress work, f(n), and the dimensionless temperature work, 0(n), the progression condition is
fulfilled, and the momentum/energy equations are changed, resulting in:

¢ =g ) == o) = = @
Equations (6) and (7) become simple non-linear equations by inserting and replacing them in equations (1)-(5) [26]:

(Tny” 7" 0" = () = A{(L+n)f" +f 3 =0 ®

%{(1 +n)0" +6}+16 ff'HfA{(l +n).¢ %.e} =0, 9
With the following boundary conditions [26]:

£(0) = —f0,f ' (0) = U0,0(0) = 1,1imf ' (n) = 0 and lim 6(n)) = 0, (10)

T]—)OOT]—)W

Where primes signify separation with regard to n, A = a3 /49 is the instability parameter representing the strength of the cylinder

contraction (A > 0) or expansion (A < 0), Pr = g is the Prandtl number, and f, = %v is the suction or injection parameter.

The physical quantities of the cylindrical surface that we are interested in are the coefficient of surface friction, Cy, and the local
Nusselt number, Nux, which are defined as:

Tw X 4w

Cr=2. NU,=x——~—,
T T T T - 1)

an

Where 7, = u(%),_p is the cylinder’s shear stress, and q,, = —k(%-),_, is the cylinder’s sheet heat flux. By putting equations (6) and

(7) in equation (11), the following expressions are obtained:

1 Uy
5 UCrV/UnRe, +1"(0) = 0,and NU, /R: +6(0)=0 (12)

According to the tables obtained from the AnsysFluent software (Tables 1a and 1b), the network of meshes and the number of
networked elements around the cylinder with two fluids (water and oil) are displayed. The accuracy of meshing for both fluids is

Table 1A
Specifications of the network related to the mesh specification for oil.

Mesh specification for oil

Method: Patch Conforming, Tetrahedrons
Body Size Type: Element Size
Size Function: Curvature
Quality: Medium
Medium Mesh: Element Size: 0.5 mm
Nodes: 3455
Fine Mesh: Elements: 2987
Nodes: 3778
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defined in the same way, and only the number of elements for the oil is slightly more than that of water around the cylinder. For a
better and more complete description of the meshes, two-dimensional graphs from grid independence test are given in Fig. 2. By
looking at the graphs obtained for the temperature, it can be concluded that as the temperature changes more and more, the number of
meshes on the cylinder and around the cylinder fluid increases and the quality of meshes become better.

3. Validation

The above 2D images reveal the convergence of thermal variables and fluid velocity around the stretched cylinder. According to the
graphs depicted in Fig. 3, the beginning and the end of all the curves of the calculation methods are the same, which shows the
convergence’s correctness along the way. During calculating differential and simple equations, the convergence effect of the
mentioned methods is significant so that a direct relationship can be found between the results of Akbari - Ganji and finite element
methods with their convergence.

Table 1c illustrates a comparison between the results of fluid temperature changes around the cylinder between the present work
and the studies of Fathy et al. [26]. Based on the values mentioned in the table at different distances from the cylinder surface for the
temperature parameter, as the distance from the cylinder surface to the environment increases, the value of heat decreases, and this
indicates that the highest temperature occurs around the thermal boundary layer of the extended cylinder surfaces.

4. Using the finite element method according to its advantages

The finite element method is one of the most important and widely used methods in solving linear and non-linear equations in
various fluid and thermal engineering fields and mathematics. FEM is a popular numerical technique for dealing with half-multiplier
difference conditions with two or three space factors (that is, some boundary estimation problems). For the vast majority of geometries
and problems, Partial Differential Equations cannot be solved with analytical approaches. Instead, we can approximate these equations
using discretization methods that can be solved using numerical methods. Therefore, the solutions we get are also an approximation of
the real solution to those PDEs. The FEM is such an approximation method that subdivides a complex space or domain into a number of
a small, countable and finite amount of pieces (thus the name finite elements) whose behavior can be described with comparatively
simple equations. The basics of the method can be derived from Newton’s laws of motion, conservation of mass and energy, and the
laws of thermodynamics. At last, the finite element method definition of a boundary esteem issue comes about in a framework of
logarithmic conditions. The premise of these strategies is to eliminate the differential equations or to simplify them to ordinary dif-
ferential equations, which are solved by numerical methods such as Euler. Solving a partial differential equation is to arrive at a
numerically stable simple equation. This means that the initial data and solution errors are insignificant, leading to incredible results.
There are methods with different advantages and disadvantages for this, of which the finite element method is one of the
best.

4.1. Using the Akbari-Ganji technique according to its advantages

Modeling nonlinear differential equation is more troublesome than understanding usual differential equations. In this respect,
Akbari-Ganji’s method (AGM) may be considered a practical arithmetical (semi-analytic) approach to understanding such issues. At
first, an arrangement comprising obscure consistent coefficients is accepted within the AGM, fulfilling the differential condition and
the initial conditions (IC). At that point, the unknown coefficients are computed utilizing logarithmic conditions obtained about IC and
their subordinates. One of the advantages of using this mathematical and analytical technique. is that solving complicated and
coupled equations with this method is much easier than with other methods. Due to its novelty, it has a high speed in solving equations
and convergence of their results. Agreeing with the boundary condition, the typical model of a differential condition is as follows:

fluu")=0,n=2,3,... (13)
Differential condition is changed to arithmetical condition:
u = Z ax’ (14)
k=0
By substituting equ. (14) in to equ. (13), the taking after arrange is accessible:

Table 1b
Specifications of the network related to the mesh specification for water.

Mesh specification for water

Method: Patch Conforming, Tetrahedrons
Body Size Type: Element Size
Size Function: Curvature
Quality: Medium
Medium Mesh: Element Size: 0.5 mm
Nodes: 3113
Fine Mesh: Elements: 2239
Nodes: 3030
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a. The graph of the temperature variable based on different distances on the cylinder with analytical methods.
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b. The graph of the velocity variable based on different distances on the cylinder with analytical methods.

Fig. 3. Convergence diagrams of results of finite element methods with AGM and Numeric.

Zzzfgalricson of the solved results of this article (for temperature parameter) compared to the article of Dr. Fathy and his colleagues.
n n=0 n=0.5 n=1 n=15 n=2 n= n=4
Present work 1 0.37 0.09 0.05 0.02 0.01 0
Fathy et al. [26] 1 0.36 0.08 0.05 0.019 0.01 0
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m m (m)
g(x)—f(Zakxk,{Zaw} )—0 (15)
k=0 k=0
By assuming n = 2 to condition (13), we have two boundary conditions within the underneath:
BC:u'(x)=u; at>»>x=0 and u'(x)=u; at>x=1L (16)

Boundary conditions connected to condition (14) and (15) as takes after:

u'(x) = Zakx" =ay+ax +ax®+ ... +a,x" o u (L) =uj,u (0) = u, a7
k=0
g(x=0)=0,g (x=0)=0,¢"(x=0)=0,... g(x=L) =0,¢ (x=L) =0,¢"(x=L) =0, ... (18)

5. Analysis of equations with the strategy of using methods

AGM’s analytical and numerical solution method for the simplified and dimensionless equations of numbers 8 and 9 is investigated.

T T
0 1 2 3
n

a. unsteadiness parameter for temperature unit

£(n)

n
b. unsteadiness parameter for velocity unit

Fig. 4. Changes of the instability parameter in terms of the distance on the cylinder in relation to the fluid velocity and temperature.



A. Alizadeh et al. Case Studies in Thermal Engineering 45 (2023) 102946

5
f)=>_"an =n'as +n*as +n’as + n'ax + nay + ag (19)

i=0

5
0(n) =Y _ b’ = nbs + N'by + N’bs + by + Ny + by (20)

i=0

Placement is performed by adding boundary conditions to the AGM conditions. The boundary conditions are:

ag=1 (21)
a; =1 (22)
ai +5.50a; + 22.68as + 83.18a, + 285.15a5 = 0 (23)
2.ag.a> + 16.50.ay.a; + 90.75.ay.a4 + 415.93.a¢.a5 — l.af —5.50.a;.a, + 83.18.a;.a, = 0 24)
6.ag.a3 + 66.ay.as + 453.7.ay.as — 2.a,.a, +90.75.a;.as + 831.87a,as — ll.ag =0 (25)
24.ay.a4 4 330.ay.as + 66.a,.a, — 907.a,.as + 90.75.a,.a4 — 4.a§ =0 (26)
by=1 27)
by +2.75.by +7.56.by +20.79.b3 + 57.191.b4 + 157.276.bs = 0 (28)
apby — l.ayby + by + 11.67b; + 67.38b, + 311.75b; + 1286.12b,4 + 4938bs = 0 (29)

The solution is obtained by applying boundary conditions to the initial equation. Boundary conditions apply to the above equa-
tions. Regarding the above equations, we considered two test functions with eight constant coefficients and created nine equations. We
can derive the equation as follows by substituting the coefficients obtained from the described actions under the following conditions:

£(n)=0.001x" — 0.02.x* +0.1.x* — 0.60.x* + 1.00x + 1 (30)
o(n) = —0.002. x° +0.03. x* —0.23. > +0.7x* — 1.37x + 1 (31)

6. Discussion-section

Here we discuss the effects of Prandtl number, suction/injection velocities on liquid velocity/temperature profiles, shear strain, and
heat flow at the cylinder surface. The simulations carried out in this article are done by Maple and AnsysFluent engineering software.
Numerical calculations of simplified and linear differential equations were done by Akbari Ganji methods, the usual numerical process
in the Maple software environment, the meshing network around the cylinder, and the two-dimensional contours of Figs. 6 and 7 were
done in the Ansys software environment. First, we analyze the one-dimensional graphs obtained from the AGM and NUM methods
(Figs. 4 and 5). Fig. 4 shows an interpretation of the heat and heat transfer changes based on the instability parameter. As the estimate
of the instability parameter A decreases, the radius of the cylinder increases. In Fig. (4 b), the frictional force between the liquid and the
cylinder surface increases, it causes skin contact on the surface and slowing down the movement of the fluid. In the middle of the

£(n)

0 1 2 3
n
a. Prandtel parameter for temperature unit

o 1 2 3
n
b. Suction and injection parameter for velocity unit

Fig. 5. Changes of the Prandtel parameter and suction and injection parameter in terms of the distance on the cylinder in relation to the fluid velocity and
temperature.
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expansion of the cylinder radius, the area of the cylinder surface is enlarged, thereby increasing the rate of convective heat transfer. As
the instability parameter A decreases and the instability values decrease, the heat flux of the fluid drops, and correspondingly, the
Nusselt number decreases significantly (Fig. 4a). Picture 5-a shows the relationship between changes in the Prandtl number and the
heat transfer rate of the fluid. Based on the observed findings, with the decrease of the Prandtl number, the temperature increases, and
the heat transfer decreases. As the distance from the beginning of the cylinder surface to the outside of the boundary layer, the heat flux
in different points of the cylinder surface includes the lowest value. The injection/suction parameter, fy, can impact the heat transfer
rate at the sheet by controlling the grinding between the liquid and the sheet. Suction permits the liquid streamlines to stay on the sheet
more closely. This causes the frictional stress on the surface to increase, as shown in Fig. 5-b, the frictional strengths between the liquid
layers increment, which decrease the fluid velocity.

When it comes to injection, the inverse behavior is seen. Now the interpretation of Fig. 6-a and 6-b is done using the finite element
method. Fig. 6 is related to temperature changes for two studied fluids around the cylinder. As can be seen from the figures, at the
points where the water and oil fluids are attached to the surface of the cylinder, the heat has reached its maximum value and as the
distance increases along Y, the temperature decreases. In other words, with the growth of the thermal boundary layer and increase of
the thickness of the boundary layer from the amount of heat transfer to the outside of the boundary layer decreases. Fig. 6-c and 6-
d graphically depict temperature changes on the sides of the cylinder. One of the differences between the use of oil and water fluid
around the cylinder according to the 2D contours is the difference in the temperature gradient of the two fluids. So that the highest
temperature gradient is observed for water fluid. This shows that the use of water fluid around the cylinder accelerates the process of
heat transfer from the surface to the outside of the boundary layer. Picture 7 examines the velocity gradient of oil and water around the
cylinder. According to the results, the maximum velocity with an approximate value of 2.4 m/s has been obtained for water, which has
lower viscosity than oil.

7. Conclusion (result section)

Examine the suction/injection area as one of the most important engineering problems because of their use in industries. In the
study, differential equations with partial derivatives are converted into dimensionless coupled equations using numerical and
analytical methods of Akbari- Ganji and finite element methods. The purpose of the study is to simplify the equations with de-
rivatives in a simplified form so that by using the simplified form, the analysis of the changes in the heat flux and the velocity gradient
will be done by using the Prandtl number. In the second step, using the finite element method, the water, and oil were added around
the cylinder and then compared together to choose the most suitable fluid. Based on the results obtained on this issue, it is found
that the suction process increments surface firmness and quality, whereas the injection diminishes surface skin friction. In addition, at
the points where the water and oil fluids are attached to the surface of the cylinder, the heat has reached its maximum value. As the
distance increases along the Y axis, the temperature decreases. The highest temperature gradient is observed for water fluid. This
interpretation shows that the use of water fluid around the cylinder accelerates the process of heat transfer from the surface to the
outside of the boundary layer.

e The accuracy of meshing for both fluids is defined in the same way, and only the number of elements and networks formed for the
oil fluid is slightly more than that of water around the cylinder.

e One of the advantages of using the AGM mathematical and analytical technique is that solving heavy and coupled equations with
this method is much easier than other methods. Due to its novelty, it has a high speed in solving equations and convergence of their
results.

e One of the differences between the use of oil and water fluid around the cylinder according to the 2D contours is the difference in
the temperature gradient of the two fluids. So that the highest temperature gradient is observed for water fluid.
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a. Temperature gradient and heat transfer rate of the oil fluid around the b. Temperature gradient and heat transfer rate of the water fluid
cylinder around the cylinder

c¢. Streamline of Temperature gradient for oil fluid d. Streamline of Temperature gradient for water fluid

Fig. 6. Diagrams of thermal changes of oil and water fluids around the cylinder.

—

a. Velocity gradient of the oil fluid around the cylinder b. Velocity gradient of the water fluid around the cylinder

Fig. 7. Diagrams of velocity changes of oil and water fluids around the cylinder.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to

influence the work reported in this paper.
Data availability
Data will be made available on request.

Nomenclature

U,v,w = velocity component

Pr= Prandtel number

k = Thermal conductivityT = = Thermal conductivityT = Temperature
t= Time

T, = fluid temperature

o= fluid thermal diffusivity

A= instability parameter

fo= suction or injection parameter
Cs= coefficient of surface friction
Nu = Nusselt number

Ty = Cylinder is shear stress

qQw = cylinder sheet warm flux

10
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