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A B S T R A C T

This study presents a novel investigation into the thermal behavior of a hybrid nanofluid (MgO − Ag − H2O) in 
natural convection around a porous fin in a triangular enclosure under the influence of radiation and magne
tohydrodynamic effects. The research uniquely combines these complex phenomena, addressing a significant gap 
in the literature. This configuration has potential applications in advanced solar thermal collectors, electronic 
cooling systems for high-power devices, and compact heat exchangers in various industries. The main objectives 
are to understand how various parameters influence heat transfer and fluid flow behavior and to optimize the 
design for enhanced thermal performance. The study considers a range of variables including Rayleigh number 
(103 − − 106), Hartmann number (0 – 50), Aspect ratio (0.3 – 0.6), radiation parameters (Rd = 1 − − 5, λ = 1 −
5), and volume concentration (0- 0.05), which have been numerically analyzed using the finite element method 
(FEM). The findings reveal that increasing the Darcy number (Da) enhances heat transfer at low Rayleigh 
numbers (Ra = 103,104). However, at higher Ra (Ra = 106), the impact of Da becomes more complex, with a 
critical Da beyond which heat transfer efficiency decreases due to an increase in flow resistance. The nano
particle volume concentration plays a vital role, as higher concentrations lead to improved heat transfer effi
ciency, especially at higher Ra, through enhanced thermal conductivity and thermal dispersion. The length of the 
porous fin greatly impacts fluid flow patterns and heat transfer rates, with longer fins creating more complex 
flow patterns, promoting enhanced heat transfer and stronger thermal plumes. Thermal radiation, represented by 
the radiation parameters (Rdandλ), significantly influences both the heat transfer rate and the convective flow 
patterns within the enclosure. This study also incorporates a comprehensive entropy generation analysis, 
providing novel insights into system irreversibilities and optimization potential. The entropy analysis reveals the 
complex interplay between various parameters and their impact on system efficiency, offering valuable guidance 
for designing high-performance thermal management systems.

1. Introduction

Optimizing the performance and efficiency of engineering systems is 
a crucial endeavor, and a key aspect of this is the investigation of heat 

transfer and fluid flow characteristics. One area of particular interest is 
the study of natural convection, a phenomenon that plays a significant 
role in thermal management processes. Free convection, which is a 
widespread and important phenomenon in many applications, is caused 
by temperature gradients and resulting differences in densities [1]. Heat 
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exchangers are a popular application where free convection is dominant, 
and heat transfer can be enhanced by increasing the surface area [2]. 
There are numerous other important applications, such as cooling of 
electronics [3–6], renewable energy storage [7,8], and even highly 
sensitive and critical applications such as nuclear reactors [9]. 
Furthermore, free convection plays an important role in air conditioning 
systems, one of the most common engineering applications [10,11]. 
These applications motivate researchers to conduct further research in 
this area to identify the parameters that affect this phenomenon.

Nomenclature

Be Bejan number
Cp Specific heat, (J. kg-1. K-1)
Da Darcy number
Bo Magnetic induction (Tesla)
g Gravitational acceleration, (m.s-2)
Ha Hartmann number
K Permeability of the porous medium
k Thermal conductivity, (W.m-1. K-1)
L Fin length, (m)
Nu Nusselt number
p Pressure, (Pa)
p^’ Non-dimensional pressure
Pr Prandtl number
Ra Rayleigh number
Rd Radiation parameter
S Entropy generation (J.kg-1.K-1)
T Temperature, (K)
T’ Dimensionless temperature
t Fin thickness, (m)
u Velocity component x-direction, (m.s-1)
u^’ Non-dimensional velocity component X-direction
v Velocity component y-direction, (m.s-1)
v^’ Non-dimensional velocity component Y-direction
W Width of triangular enclosure, (m)
x Cartesian x-coordinates, (m)
x^’ Non-dimensional X-coordinates
y Cartesian y-coordinates, (m)

y^’ Non-dimensional Y-coordinates

Greek symbols
µ Dynamic viscosity, (kg. m-1. s-1)
α Thermal diffusivity, (m2. s-1)
β Thermal expansion coefficient, (K-1)
ε Porosity
γ Angle of inclination of the magnetic field
ν Kinematic viscosity, (m2.s-1)
λ Heat generation parameter
σ Electrical conductivity (S.m-1)
σ_B Stefan-Boltzmann’s constant (W.m-2. K-4)
ξ Non-dimensional variables
ρ Density, (kg.m-3)
φ Solid volume fraction
Ψ Absolute stream function

Subscripts
av Average
c Cold
eff Effected
f Fluid (pure water)
h Hot
hnf Hybrid nano fluid
L Local
po Porous media

Abbreviation
AR Aspect ratio

Fig. 1. Physical geometry of the model.

Table 1 
Thermophysical properties of the fluid and two MgO and Ag types of nano
particles [60,68,69].

Properties Water MgO Ag

cp(J.kg− 1.K− 1) 4179 879 235
k(W.m− 1.K− 1) 0.613 30 429
α(m2.s− 1) 1.47 × 10-7 95.3 × 10-7 174 × 10-3

β(K− 1) 21 × 10-5 33.6 × 10-6 5.4* × 10-5

ρ(kg.m− 3) 997.1 3580 10,500
μ(kg.m− 1.s− 1) 8.9 × 10-4 – –
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The performance properties of base fluids, such as water, can be 
improved by adding nanoparticles in different concentrations [12–15]. 
Researchers have found that heat transfer can be improved by adding 
these nanoparticles due to the enhancement of the thermophysical 
properties of the base fluid [16–18]. Moreover, researchers have 
recently started to mix more than one type of nanoparticle to create 
what are called hybrid nanofluids, which provide more heat transfer 
enhancement than single nanoparticles [19–21]. Guedri et al. [22] 
studied the influence of introducing MWCNT − Fe3O4/water into a cavity 
filled with porous material. Their results showed that adding the 
nanoparticles enhanced free convection for all Rayleigh number values. 
Mehryan et al. [23] studied the addition of different hybrid nanofluids, 
specifically Al2O3 − Cu/water, into a porous cavity that was heated from 

the left wall and cooled from the right wall. The authors observed a 
noticeable enhancement in heat transfer due to adding these nano
particles, and the heat transfer increased with increasing hybrid con
centration. Similar results were found by Huda et al. [24] who 
investigated adding Ag − MgO/water into a square porous cavity. 
Mahboobtosi et al. [25] used ternary hybrid nanofluids composed of 
MoS2, Cu, and Ag to improve heat transfer around a cylinder. Haque and 
Alam [26] studied the effect of a periodic magnetic field on heat transfer 
in a hybrid nanofluid consisting of Al2O3 − Cu/water placed inside a 
rectotrapezoidal cavity. Islam et al. [27] used sensitivity analysis to 
predict the effect of Cu − TiO2/water hybrid nanofluids on the thermal 
performance of a prismatic-shaped enclosure.

Furthermore, porous media, which are permeable materials, can be 
utilized for different purposes such as enhancing heat transfer. This 
enhancement is achieved by using porous foam, which can improve the 
thermal conductivity of the fluid [1,28,29]. Researchers have utilized 
porous media in different ways, where in some cases it fills the entire 
cavity [30,31] and in other cases is partially used [32–34]. Natural 
convection in a cavity filled with porous material was studied, using 
numerical analysis, by Geridonmez et al. [35]. A range of Darcy numbers 
was examined in this paper, and based on its results, the authors stated 
that heat transfer enhanced as the Darcy number increased. Moreover, 
some researchers studied the use of porous fins for free convection and 
heat transfer enhancement [36–38], concluding that there was an 
enhancement in heat transfer when using porous fins.

On the other hand, heat transfer can be significantly influenced by 
magnetohydrodynamic forces, which is why many studies examined this 

Table 2 
Effective thermophysical properties of hybrid nanofluid.

Hybrid nanofluid properties Relations Source

Density (ρ) ρ = (1 − φ)ρf + φMgOρMgO + φAgρAg (31) [68]
Thermal expansion coefficient (ρβ) (ρβ) = (1 − φ)(ρβ)f + φMgO(ρβ)MgO + φAg(ρβ)Ag (32) [68]
Specific heat capacity (ρcp) (ρcp)hnf = (1 − φ)(ρcp)f + φMgO(ρcp)MgO + φAg(ρcp)Ag (33) [68]
Thermal conductivity (k) khnf

kf
=

0.1747 × 105 + φhnf
0.1747 × 105 − 0.1498 × 106φhnf + 0.1117 × 107φ2

hnf + 0.1997 × 108φ3
hnf

0 ≤ φhnf ≤ 0.03 
(34)

[60]

Thermal diffusivity (α)
αhnf =

khnf
(
ρcp
)

hnf 
(35)

[68]

Viscosity (μ) μhnf
μf

=
(

1 + 32.795φhnf − 7214φ2
hnf + 714600φ3)

hnf

− 0.1941 × 108φ4
hnf) 0 ≤φhnf ≤ 0.02 

(36)
[60]

Table 3 
Grid independence test for average Nusselt number and maximum stream 
function.

Grid size Number of element Nuav % Error ψmax % Error

G1 177 1.7545 … 0.1596 …
G2 275 1.8223 3.8643 0.1623 1.6534
G3 384 1.8755 2.9193 0.1640 1.0597
G4 645 1.9462 3.7696 0.1653 0.8047
G5 966 1.9728 1.3667 0.1658 0.2781
G6 1483 2.0163 2.2049 0.1671 0.8141
G7 4466 2.1224 5.2621 0.1678 0.4307
G8 12,299 2.192 3.2793 0.1682 0.1965
G9 15,405 2.1933 0.0593 0.1684 0.1129

Fig. 2. The meshing of the computational domain.
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variable to understand its influence on convective heat transfer [39–42]. 
Mirzaei et al. [40] investigated the influence of applying different 
strengths of MHD in a circular cavity with different obstacles. According 
to this study, applying MHD reduced the strength of convection in the 
cavity. A study conducted by Ahmad et al. [43] involved a numerical 
investigation into the impact of magnetohydrodynamic forces on a 
cavity with four fins attached to its four corners. The results confirmed 
the prior findings, demonstrating that the magnetohydrodynamic 
(MHD) phenomenon reduces both convection and mass transfer. Alo
mari et al. [32] studied the effect of a porous block on the heat transfer 
process, in the presence of a nanofluid and an inclined magnetic field. 
Recently, researchers have shown increased interest in studying the ef
fect of magnetic fields on heat and mass transfer processes. Some 
studies, such as [44–48], investigated the effect of a constant magnetic 
field in magnitude and direction, while other studies, such as [49–52], 
examined the effect of a periodic magnetic field. Additionally, some 
studies focused on other types of fields, such as the electric field (Elec
trohydrodynamic), as seen in [53–55]. The effect of radiation on 
convective heat transfer has been studied recently in many works, such 
as [56–59].

This research aims to study free convection in a triangular cavity 
filled with a hybrid nanofluid (MgO − Ag − H2O) and attached to a 
porous fin, under the combined influence of MHD and radiation. The 
study examines a range of variables such as Ra, Ha, ϕ, AR, Rd, andλ. The 
novelty of the case considered, as well as the important variables 
examined, can enhance our understanding of heat transfer. This 
configuration has several potential applications in various fields of en
gineering and technology. In Solar Thermal Collectors, the triangular 
shape resembles certain solar thermal collector designs. The porous fin 
could serve as a heat absorption element, while the nanofluid enhances 
heat transfer efficiency. This setup could be used to study and optimize 
the performance of novel solar thermal systems. For electronic cooling 
systems, the model could represent a section of an advanced cooling 
system for electronic components. The porous fin might act as a heat 
sink, while the nanofluid and magnetic field provide enhanced heat 
dissipation capabilities. This is particularly relevant for high-power 
electronics and data center cooling applications. This study presents a 
novel investigation into the thermal behavior of a hybrid nanofluid 
(MgO − Ag − H2O) in natural convection around a porous fin within a 
triangular enclosure, uniquely combining the effects of radiation and 
magnetohydrodynamics. Our research addresses a significant gap in the 
literature by examining the interplay of these complex phenomena.

2. Problem formulation

2.1. Physical domain

The current model, with its most important physical boundary con
ditions, is well illustrated in Fig. 1. The geometry consists of a right- 
angled triangular enclosure filled with a hybrid nanofluid, MgO − Ag 
− H2O. The vertical wall includes a heated surface at a temperature of Th 
along a length s = 0.5W, on which a porous fin is mounted. The inclined 
surface is cooled to Tc. The lower wall and the remaining portion of the 
vertical wall are insulated. The base of the triangular enclosure is equal 
in length to its height, both equal to W. The fin has dimensions of L in 
length and t in thickness, and the aspect ratio (AR = t/L) is varied from 
0.3 to 0.6 in the current study.

Fig. 3. Comparison of isotherms and streamlines between present study and Alomari et al. [68] results.

Fig. 4. Local Nusselt number distribution comparison between present study 
and Alomari et al. [68] results.
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2.2. Governing equations

To analyze the thermal behavior of a hybrid nanofluid undergoing 
natural convection around a porous fin in a triangular enclosure, several 
governing equations need to be considered. The following equations 

describe the fluid flow and heat transfer phenomena involved:
-For the hybrid nanofluid, the continuity equation governing the 

conservation of mass is expressed as follows [60]: 

∂unf

∂x
+

∂vnf

∂y
= 0 (1) 

The Navier-Stokes equations describe the conservation of mo
mentum and can be written as [43,60]: 

unf
∂unf

∂x
+ vnf

∂unf

∂y
= −

1
ρnf

∂p
∂x

+ νnf

(
∂2unf

∂x2 +
∂2unf

∂y2

)

+
σnf Bo

2

ρnf
sin(γ)

(
vnf cos(γ

)

− unf sin(γ))
(2) 

unf
∂vnf

∂x
+ vnf

∂vnf

∂y
= −

1
ρnf

∂p
∂y

+ νnf

(
∂2vnf

∂x2 +
∂2vnf

∂y2

)

+ g
(ρβT)nf

ρnf
(T − Tc)

+
σnf Bo

2

ρnf
cos(γ)

(
unf sin(γ

)
− vnf cos(γ)) (3) 

The energy equation accounts for the conservation of energy and is 
given by [58]: 

unf
∂Tnf

∂x
+ vnf

∂Tnf

∂y
= αnf

(
∂2Tnf

∂x2 +
∂2Tnf

∂y2

)

−

(
∂qrx

∂x
+

∂qry

∂y

)

+
Q

(
ρcp
)

nf

(T − Tc)

(4) 

-For porous fin, the continuity equation governs the conservation of 
mass and is expressed as follows [61,62]: 

∂upo

∂x
+

∂vpo

∂y
= 0 (5) 

To account for the presence of the porous fin, the Darcy-Forchheimer 
model is employed, with Forchheimer’s inertia term neglected [63]. 

Fig. 5. Comparison of isotherms and streamlines between present study and Basak et al. [64] results.

Fig. 6. Local Nusselt number distribution comparison between present study 
and Basak et al. [64] results.
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This model incorporates the effects of fluid flow resistance within the 
porous medium and is given by [64,65]: 

upo
∂upo

∂x
+ vpo

∂upo

∂y
= −

1
ρnf

∂p
∂x

+ νnf

(
∂2upo

∂x2 +
∂2upo

∂y2

)

−
μnf

ρnf

upo

K

+
σpoBo

2

ρpo
sin(γ)

(
vpocos(γ

)
− uposin(γ)) (6) 

upo
∂vpo

∂x
+ vpo

∂vpo

∂y
= −

1
ρnf

∂p
∂y

+ νnf

(
∂2vpo

∂x2 +
∂2vpo

∂y2

)

+ g
(ρβT)nf

ρnf
(T − Tc)

−
μnf

ρnf

vpo

K
+

σpoBo
2

ρpo
cos(γ)

(
uposin(γ

)
− vpocos(γ))

(7) 

The energy equation accounts for the conservation of energy and is 
given by: 

upo
∂Tpo

∂x
+ vpo

∂Tpo

∂y
=

keff

ρnf cpnf

(
∂2Tpo

∂x2 +
∂2Tpo

∂y2

)

−

(
∂qrx

∂x
+

∂qry

∂y

)

+
Q

(
ρcp
)

nf

(T − Tc) (8) 

It is [assumed] that the boundary layer has a high opacity and that 
the Rosseland [56] approximation accurately describes radiative heat 
transfer. Therefore, for an optically thick boundary layer (meaning it has 
a high level of absorption), the radiative heat flux, as indicated by Uddin 
et al. [57], can be defined as: 

qrx =
16Tc

3

3β
∂T
∂x

, qry =
16Tc

3

3β
∂T
∂y

(9) 

Using the following change of variables:  

The governing Eqs. (1) to (8) reduce to non-dimensional form [64,
65]:

-For hybrid nanofluid 

∂uʹ
nf

∂x
+

∂v́nf

∂y
= 0 (10) 

uʹ
nf

∂uʹ
nf

∂xʹ + v́nf

∂uʹ
nf

∂yʹ = −
∂ṕ
∂xʹ +

μnf

ρnf νf
Pr

(
∂2uʹ

nf

∂xʹ2 +
∂2uʹ

nf

∂yʹ2

)

+
μnf

ρnf νf
PrHa2sin(γ)

(
vʹ

nf cos(γ
)
− uʹ

nf sin(γ)) (11) 

uʹ
nf

∂v́nf

∂xʹ + v́nf

∂vʹ
nf

∂yʹ = −
∂pʹ

∂yʹ +
μnf

ρnf νf
Pr

(
∂2v́nf

∂xʹ2 +
∂2v́nf

∂yʹ2

)

+
(ρβT)nf

ρnf βf
Ra Pr Tʹ

+
μnf

ρnf νf
PrHa2cos(γ)

(
uʹ

nf sin(γ
)
− v́nf sin(γ))

(12) 

uʹ
nf

∂Tʹ
nf

∂xʹ + v́nf

∂Tʹ
nf

∂yʹ =

(
αnf

αf
+

4αnf Rd
3αf

)(∂2Tʹ
nf

∂xʹ2 +
∂2Tʹ

nf

∂yʹ2

)

+
αnf

αf
λTʹ

nf (13) 

-For porous layer 

∂uʹ
po

∂xʹ +
∂vʹ

po

∂yʹ = 0 (14) 

uʹ
po

∂uʹ
po

∂xʹ + vʹ
po

∂uʹ
po

∂yʹ = −
∂pʹ

∂xʹ +
μnf

ρnf νf
Pr

(
∂2uʹ

po

∂xʹ2 +
∂2uʹ

po

∂yʹ2

)

−
Pr
Da

uʹ
po

+
μnf

ρnf νf
PrHa2sin(γ)

(
vʹ

nf cos(γ
)
− uʹ

nf sin(γ)) (15) 

uʹ
po

∂v́po

∂xʹ + vʹ
po

∂v́po

∂yʹ = −
∂pʹ

∂yʹ +
μnf

ρnf νf
Pr

(
∂2vʹ

po

∂xʹ2 +
∂2v́po

∂yʹ2

)

+
(ρβT)nf

ρnf βf
Ra Pr Tʹ

−
Pr
Da

v́po +
μnf

ρnf νf
PrHa2cos(γ)

(
uʹ

nf sin(γ
)
− v́ nf sin(γ))

(16) 

Fig. 7. Validation of streamlines results with experimental and numerical rustles of Chen and Cheng Results [70].

xʹ =
x
W
, yʹ =

y
W
, uʹ =

uW
αf

, v́ =
vW
αf

,Tʹ =
T − Tc

Th − Tc
, pʹ =

pW2

ρnf α2
f
,Ra =

gβT(Th − Tc)W2

v2
f

Pr,Pr =
vf

αf
,Da =

K
W2

λ =
QW2

k
,Rd =

4σBTc
3

kβ
,Ha = BoW

̅̅̅̅̅̅̅̅̅̅̅̅
σnf

ρnf vnf

√
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uʹ
po

∂Tʹ
po

∂xʹ + v́po
∂Tʹ

po

∂yʹ =

(
αnf

αf
+

4αnf keff Rd
3knf αf

)(∂2Tʹ
po

∂xʹ2 +
∂2Tʹ

po

∂yʹ2

)

+
αnf

αf

keff

knf
λTʹ

po

(17) 

2.3. Boundary conditions and auxiliary equation

The dimensionless equations are solved by applying the following 
boundary conditions:

For the vertical surface acting as the heat source in the triangular 

enclosure at x́ = 0, ý =

(
W− s

2 to W+s
2

)

T′ = 1, u′ = 0, andv′ = 0
At the inclined cold walls of the triangular enclosure:
T′ = 0, u′ = 0, andv′ = 0
At the insulation walls of the triangular enclosure:
∂Tʹ
∂n = 0 (where n is a normal direction), uʹ = 0, v́ = 0
The equation of the local and average Nu are presented as [60]: 

Fig. 8. Rayleigh number (Ra) effect on the isotherms for different Darcy numbers at φ = 0.02, R = 0.4 Rd = 0,λ = 0.
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Fig. 9. Rayleigh number (Ra) effect on the streamlines for different Darcy numbers at φ = 0.02, AR = 0.4. Rd=0,λ = 0.
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NuL = −

(
knf

kf
+

4knf

3kf
Rd
)

∂Tʹ

∂yʹ (18) 

Nuav =

∫ s

0
NuLdyʹ (19) 

The equation of the stream function is [15]: 

uʹ =
∂ψ
∂yʹ (20) 

vʹ = −
∂ψ
∂xʹ (21) 

∂2ψ
∂xʹ2 +

∂2ψ
∂yʹ2 =

∂uʹ

∂yʹ −
∂vʹ

∂xʹ (22) 

The entropy generation associated to the fluid flow friction given by 
[66]: 

sʹ́ ʹ
gen,μ =

μnf

T0

[

2
(

∂u
∂x

)2

+2
(

∂v
∂y

)2

+

(
∂u
∂y

+
∂v
∂x

)2
]

(23) 

where T0 = (TH + TC)/2.
The entropy generation is associated to the heat transfer sʹ́ ʹ

gen,h given 
by [66] 

sʹ́ ʹ
gen,h =

knf

T2
0

[(
∂T
∂x

)2

+

(
∂T
∂y

)2
]

(24) 

In non-dimensional form of the total entropy generation (Sʹ́ ʹ
gen ) be

comes [66,67]: 

Sʹ́ ʹ
gen =

knf

kf

[(
∂θ
∂X

)2

+

(
∂θ
∂Y

)2
]

+ χ
[

2
(

∂U
∂X

)2

+2
(

∂V
∂Y

)2

+

(
∂U
∂Y

+
∂V
∂X

)2
]

(25) 

Fig. 10. Local Nusselt number variation along the vertical hot wall for various Ra at Da = 10-3, φ = 0.02, and AR = 0.4 Rd = 0, λ = 0.

Fig. 11. Local Nusselt number variation along the vertical hot wall for various Ra at Da = 10-4, φ = 0.02, and AR = 0.4. Rd = 0, λ = 0.
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Fig. 12. Local Nusselt number variation along the vertical hot wall for various Ra at Da = 10− 5, φ = 0.02, and AR = 0.4. Rd = 0, λ = 0.

Fig. 13. The effect of nano volume concentration ratio on isotherms patterns and stream function (red for φ = 0.02, blue for φ = 0.01, black for φ = 0.0) at Da =
10− 3, Rd = 0, λ = 0, and AR = 0.4.
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Where χ is irreversibility factor and given by [66]: 

χ =
μnf T0

kf

(
U0

TH − Tc

)

(26) 

The non-dimensional total entropy generation 
(
Ṡ˙gen

)
is given by: 

S
˙

gen
=

∫

Sʹ́ ʹ
gendA (27) 

The Bejan number, Be, defined as the ratio between the entropy 
generation due to heat transfer by the total entropy generation, is 
expressed as [66]: 

Be =
sʹ́ ʹ
gen,h

Sʹ́ ʹ
gen

(28) 

2.4. Materials properties

The volumetric concentration φ of hybrid nanofluid (mixture of MgO 

and Ag nanoparticles suspended in carrier fluid water) is obtained as 
[68]: 

φ = φMgO + φAg (29) 

The thermodynamic properties of the base fluid and the two types of 
nanoparticles, MgO and Ag, are listed in Table 1. The effective thermo
physical properties of the hybrid nanofluid are evaluated using standard 
empirical relations (the mixture rule), as listed in Table 2, where the 
subscripts f and s denote base fluid and solid nanoparticles (MgO and 
Ag), respectively. The porous fin is made of copper, and its effective 
thermal conductivity can be calculated using the equation from [68]: 

keff = (1 − ε) kp + ε khnf (30) 

Where ε is the porosity of the fin material, and kpis the thermal 
conductivity of porous media solid material.

Fig. 14. Local Nusselt number variation along the vertical hot wall for various nano volume concentration ratio at Da = 10− 3, Ra = 103, Rd = 0, λ = 0 and AR = 0.4.

Fig. 15. Local Nusselt number variation along the vertical hot wall for various nano volume concentration ratio at Da = 10− 4, Ra = 103, Rd = 0, λ = 0, and AR = 0.4.
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2.5. Solution procedure

In the current simulation, the Galerkin finite element method (FEM) 
has been employed to investigate the thermal behavior of a hybrid 
nanofluid undergoing natural convection around a porous fin in a 
triangular enclosure. The domain must be divided into a number of el
ements to be solved, and the numerical solutions are very sensitive to the 
number of these elements. To ensure accurate and reliable solutions, the 
non-dimensional variables (p′, u′, v′, T′) are solved iteratively until 
convergence is achieved. The convergence criterion used in this simu
lation is based on the relative change of the variables between successive 
iterations. The convergence criterion is defined as: 
⃒
⃒
⃒
⃒
ξi+1 − ξi

ξi+1

⃒
⃒
⃒
⃒ ≤ 10− 5 (37) 

Given the steady-state nature of our study, we employed several 
methods to ensure the accuracy and reliability of our numerical solu
tions: Mesh Independence Study: We conducted a comprehensive mesh 
refinement analysis to ensure solution independence from spatial dis
cretization. Convergence Criteria: Strict convergence criteria were 
applied to all solved variables. The simulations were considered 
converged when the residuals for continuity, momentum, and energy 
equations fell below 10− 6. This stringent criterion ensures the reliability 
of the steady-state solution. Iteration Independence: To verify the sta
bility of our steady-state solution, we continued iterations beyond the 
point of convergence. No significant changes (less than 0.01 %) in key 
parameters were observed with additional iterations, confirming the 
robustness of our results. Validation with Benchmark Solutions: Our 
numerical model and methodology were validated against established 
benchmark solutions from the literature. Simulations were performed on 
a system with an Intel Core i7-10700K processor (3.8 GHz, 8 cores) and 
32 GB DDR4 RAM, running Windows 10 Pro and COMSOL Multiphysics 
6.2. The average CPU time per simulation was 10 min, with a range of 10 
to 20 min depending on specific parameters. Total CPU time for all 
simulations was approximately 25 h. Variations in CPU time were pri
marily due to the complexity of flow patterns at higher Rayleigh 
numbers

2.6. Grid independence test

Grid independence testing is a crucial step in numerical simulations 
to ensure the accuracy and reliability of the results. It involves assessing 
the sensitivity of the solution to grid resolution, aiming to determine the 
optimal grid size that captures the essential features of the physical 
phenomena without excessive computational cost. A grid independence 
test was performed for the average Nusselt number and maximum 
stream function at Da = 10− 3, Ra = 103, φ = 0.02, and AR = 0.4. Table 3
presents eight grids tested in this study. It shows that the Nuav value for 
grid 9 has a 0.059 % error, and the ψmaxhas a 0.119 % error, demon
strating a mesh independent result. Therefore, grid 8 (12,299 elements) 
has been selected for this study in all cases, as shown in Fig. 2.

2.7. Model validation

The numerical results must be validated. To achieve this goal, two 
different types of comparisons were conducted. The first comparison, 
shown in Fig. 3, includes the validation of isotherms and streamlines 
between the present work and Alomari et al. [68] at Ra = 106 and φ =
0.02. The authors used MgO − Ag − H2O hybrid nanofluid in a trape
zoidal enclosure under the effect of a magnetic field. A quantitative 
comparison was made by calculating the local Nusselt number distri
bution for the current study and comparing it with the previous study by 
Alomari et al. [68], as shown in Fig. 4. The maximum deviation in Nu 
was 1.2 % at Ra = 106.

The second comparison was with Basak et al. [64] results. Fig. 5
displays isotherms and streamlines from the present numerical code and 
Basak et al. [64] results for a square cavity filled with porous media at Pr 
= 0.71, Ra = 106, and Da = 10− 5. All these comparisons show very good 
agreement between the present and the previous calculations.

Fig. 6 shows a comparison of the local Nusselt number between the 
current study and the previous study by Basak et al. [64] at different 
values of the Darcy number. The streamline results were also compared 
with Chen and Cheng [70]’s experimental and numerical study, as 
shown in Fig. 7. It can be observed that the distribution of streamlines in 
a semicircular cavity shows close agreement between the current study 
and Chen and Cheng [70]’s solution.

Fig. 16. Local Nusselt number variation along the vertical hot wall for various nano volume concentration ratio at Da = 10− 5, Ra = 103, Rd = 0, λ = 0, and AR = 0.4.
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3. Results

The results section presents the findings and outcomes of the thermal 
investigation of a hybrid nanofluid undergoing natural convection 
around a porous fin in a triangular enclosure. This section provides a 
comprehensive analysis of the obtained results, focusing on the tem
perature distribution, heat transfer enhancement, fluid flow patterns, 
and the impact of the porous fin. The results highlight the influence of 
various parameters on the thermal behavior of the system and offer 
valuable insights for optimizing heat transfer performance and thermal 
management in engineering applications. These parameters include Ra 
(103 ≤ Ra ≤ 106), Da (10− 5 ≤ Da ≤ 10− 3), φ (0 ≤ φ ≤ 0.02), AR (0.3 ≤
AR ≤ 0.6).

3.1. Effect of Da and Ra

Fig. 8 illustrates the isotherms for different values of Da and Ra at φ =
0.02, AR = 0.4. For low values of Ra(103 − 104), the buoyancy forces are 
weak. In this regime, the isotherms are nearly uniform around the 
porous fin and heated wall. The temperature difference across the fluid 
layer is minimal, and the heat transfer is relatively weak. For interme
diate Ra(105), the buoyancy forces become more significant, and natural 
convection starts to influence the heat transfer behavior. The isotherms 
around the porous fin exhibit variations. Heat transfer rates increase as 
Ra increases. For high Ra(106), the isotherms exhibit significant varia
tions, showing the formation of thermal plumes and convection cells 

Fig. 17. Variation of average Nusselt number for different value of nano vol
ume concentration ratio at AR = 0.4, Rd = 0, andλ = 0. Fig. 18. Variation of maximum stream function for different value of nano 

volume concentration ratio at AR = 0.4, Rd = 0, andλ = 0.
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within the fluid, as the buoyancy forces become dominant and natural 
convection becomes the primary mode of heat transfer. At low Da(10− 5), 
the isotherms near the porous fin are relatively uniform and parallel to 
the fin surface. The viscous forces dominate over inertial forces. For 
intermediate Da(10− 4), the isotherms show some deviations from uni
formity. For high Da(10− 3), the inertial forces dominate over viscous 
forces. Heat transfer rates are significantly influenced by the inertial 
effects, and temperature gradients around the porous fin become more 
pronounced and non-uniform.

Fig. 9 shows the streamlines distribution through the triangular 

domain for different Ra and Da. As Ra increases, streamlines begin to 
deviate from their straight and parallel paths. The fluid flow becomes 
more complex with the formation of thermal plumes and convection 
cells. At Ra = 103, there is one circulation flow pattern in the center of 
the triangular domain. As Ra increases to 105, a second vortex appears 
above the porous fin near the upper corner of the enclosure. For high 
values of Ra, the streamlines show intricate patterns of fluid motion. For 
low values of Da, the streamlines around the porous fin are relatively 
straight and parallel, as the flow is smooth and laminar. The presence of 
the porous medium does not significantly alter the fluid flow behavior, 

Fig. 19. Aspect ratio (AR) effect on the isotherms at φ=0.02, Rd = 0, andλ = 0.
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and the streamlines remain relatively unaffected by the porous fin.
Figs. 10 to 12 demonstrate the variation of local Nu along the vertical 

heating wall at Da equal to 10− 3,10− 4,and10− 5, respectively. In the 
upper layer, the temperature difference is higher than in the lower layers 
because of the inclination of the cold wall, resulting in higher Nu values 
in the upper region which drop to lower values near the porous fin. As Ra 
increases, the local Nu variation along the vertical hot wall becomes 
more pronounced. The Nu typically increases from the bottom of the 
wall to the top due to the enhanced heat transfer caused by buoyancy- 

driven natural convection. The flow near the wall becomes more com
plex, and the heat transfer varies along the vertical direction, leading to 
non-uniform Nu distribution. For this range of Da, the viscous forces 
dominate over inertial forces, indicating slow and viscous-dominated 
fluid flow through the porous medium. In this regime, the flow near 
the vertical hot wall is relatively uniform, and the local Nusselt number 
variation along the wall is not significantly influenced by the presence of 
the porous fin. The heat transfer is primarily determined by conduction 
and convection near the wall, and the Nusselt number remains relatively 

Fig. 20. Aspect ratio (AR) effect on the streamlines at φ=0.02, Rd = 0, andλ = 0.
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constant along the vertical direction.

3.2. Effect of nano volume concentration ratio

Fig. 13 illustrates the effect of hybrid nano volume concentration on 
the isotherms and streamlines. Increasing the volume concentration 
ratio enhances the thermal conductivity and heat transfer capability of 
the nanofluid. As a result, the isotherms show reduced temperature 
gradients and a more uniform temperature distribution within the fluid. 
The presence of nanoparticles promotes heat dissipation, leading to 
lower temperatures near the heated wall. The nanoparticles alter the 
fluid viscosity and density, leading to changes in flow behavior. In the 
current study domain, the nano concentration does not affect stream
lines for low values of Ra. At high Ra, buoyancy forces are much stronger 
than viscous forces, resulting in vigorous fluid motion and convection. 
The presence of nanoparticles in the hybrid nanofluid further enhances 
the fluid’s buoyancy and density variations.

Figs. 14, 15, and 16 show the local Nusselt number distribution along 
the vertical heated wall for different values of Darcy number and nano 
volume concentration. Nano volume concentration significantly in
fluences the local Nu. The presence of nanoparticles alters the thermal 
conductivity and viscosity of the fluid, improving the fluid’s ability to 

carry heat away from the hot wall. As a result, the local Nu increases, 
indicating a higher rate of heat transfer near the surface compared to the 
base fluid without nanoparticles.

Fig. 17 shows the effect of Ra and Da on the average Nusselt number 
for different values of nano concentration. At low Rayleigh numbers 
(103,104,105), natural convection is not very significant, and the flow is 
primarily dominated by conduction. As the Darcy number (Da) in
creases, the flow through the porous medium becomes more efficient. 
The porous medium allows better flow of the fluid, reducing flow 
resistance, and enhancing heat transfer. Hence, the average Nusselt 
number increases with increasing Da. However, at high Ra (106), as the 
Darcy number (Da) increases, the fluid flow through the porous medium 
becomes more significant and less obstructed. This leads to the devel
opment of convective cells and thermal plumes within the porous me
dium, enhancing heat transfer. Consequently, the average Nusselt 
number increases with increasing Da up to a certain point. Increasing the 
nano volume concentration in the hybrid nanofluid also enhances the 
heat transfer capability. Nanoparticles have higher thermal conductivity 
than the base fluid, allowing them to carry heat more efficiently. As a 
result, the average Nusselt number increases with increasing nano vol
ume concentration, indicating improved heat transfer performance.

Fig. 18 explains the effect of Ra and Da on the maximum stream 

Fig. 21. Local Nusselt number variation along the vertical hot wall for various aspect ratio at Da = 10− 3, φ = 0.02, Rd = 0, λ = 0 (a)Ra = 103, and (b) Ra = 106.
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function (ψmax). At 103 and 104 Rayleigh numbers, natural convection is 
not very significant, and the fluid flow is primarily driven by conduc
tion. As the Darcy number (Da) increases, the fluid flow through the 
porous medium becomes more efficient. The porous medium allows 
better flow of the fluid, reducing flow resistance, and promoting fluid 
circulation. Consequently, ψmax increases with increasing Da, indicating 
more significant fluid flow and enhanced circulation within the system. 
As the Darcy number (Da) increases at high Ra, the fluid flow through 
the porous medium becomes more efficient, leading to increased fluid 
circulation and stronger convection. Consequently, the maximum 
stream function initially increases with increasing Da, signifying 
enhanced fluid flow and convective heat transfer. Beyond a critical 
Darcy number, there might be an adverse effect on fluid flow due to 
increased fluid flow resistance caused by higher Da values. This can lead 
to a decrease in the maximum stream function as Da continues to in
crease beyond the critical value.

3.3. Effect of aspect ratio

Fig. 19 illustrates the effect of aspect ratio (AR) on isotherms. An 
increase in AR correlates with a decrease in the length of the porous fin. 
A longer porous fin (low AR) provides more surface area for heat 
transfer. As a result, the isotherms near the fin are likely to show more 
pronounced variations and gradients. The increased surface area allows 
for more contact between the fluid and the fin, facilitating heat exchange 
and leading to enhanced heat transfer rates. Consequently, the isotherms 
may exhibit steeper temperature gradients near the fin, indicating more 
efficient heat dissipation. With a shorter fin (higher AR), the heat 
transfer rates may be relatively lower near the fin. The isotherms might 
exhibit more gradual temperature variations, indicating a slower rate of 
heat dissipation. As Ra increases and natural convection becomes more 
influential, the impact of the fin length on the isotherms becomes more 
pronounced.

Fig. 20 shows the effect of AR on the streamlines. A longer porous fin 
creates more surface area and structure for fluid flow. As a result, the 
flow is forced to deviate from its original path, leading to changes in the 
streamlines. The fluid may split into multiple flow paths around the fin, 
resulting in the formation of thermal plumes, recirculation zones, and 
vortices. These flow structures are more pronounced with a longer fin. A 
shorter porous fin offers less obstruction to fluid flow. As a result, the 

flow path remains relatively undisturbed, and the streamlines are less 
affected by the presence of the fin. The fluid may experience minimal 
deflection around the fin, leading to simpler and more predictable flow 
patterns.

Fig. 21 shows the local Nu distributions along the vertical heated 
wall for different values of AR. At low Rayleigh numbers (Fig. 21a), 
natural convection effects are not very significant, and fluid flow is 
primarily driven by conduction. The length of the porous fin may have a 
relatively minor impact on the local Nusselt number distribution along 
the vertical wall. In this regime, the local Nusselt number distribution 
might be relatively uniform along the wall, indicating a relatively con
stant heat transfer rate. Longer fins might provide slightly enhanced 
heat transfer at the fin’s base due to increased surface area, but the 
impact on the overall local Nu distribution might be limited. At high 
Rayleigh numbers (Fig. 21b), buoyancy forces dominate over viscous 
forces, leading to strong natural convection effects. Natural convection 
significantly influences the fluid flow and heat transfer patterns, making 
the fin length more influential on the local Nusselt number distribution 
along the vertical wall.

Fig. 22 illustrates the effect of Ra on the average Nusselt number and 
maximum stream function (ψmax) for different AR values. Understanding 
this relationship can help optimize the design and performance of heat 
transfer systems involving porous fins under natural convection. For 
short fin lengths, heat transfer is relatively less efficient due to limited 
surface area for heat exchange. As a result, the average Nusselt number 
increases with increasing Ra from (2.1351) to (6.1547), but the increase 
is relatively modest compared to longer fins, which increase from 
(2.3573) to (6.3659). Short fins tend to have less impact on heat transfer 
enhancement compared to longer fins, especially at higher Ra where 
natural convection is more dominant. Regarding the Maximum Stream 
Function (ψmax): Short fins have less effect on fluid flow obstruction, and 
the streamlines are less affected by the presence of the fin. Consequently, 
the maximum stream function increases with increasing Ra, but the 
increase is not as pronounced compared to longer fins. ψmax increases 
from (0.14473) to (11.04) for shorter lengths, while for longer fins, it 
increases from (0.18961) to (16.922). The streamlines exhibit simpler 
patterns with minimal deflection around the short fin. Longer fins lead 
to higher average Nusselt numbers and maximum stream function 
values due to their ability to create complex flow patterns and provide 
more surface area for heat exchange.

Fig. 22. Average Nusselt number and maximum stream function relation with Ra for different AR.
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3.4. Radiation parameters effect

The radiation parameter (Rd) represents the contribution of thermal 
radiation to the overall heat transfer process. Fig. 23 illustrates the in
fluence of Rd on the isotherms and streamlines for a range of Ra and Rd 
values, with other parameters held constant. The isotherms appear to be 
less affected by the change in Rd. Furthermore, the isotherms show no 
noticeable change with variations in λ, as shown in Fig. 24. On the other 
hand, the average Nu values increase significantly with an increase in 
Rd, as can be seen in Table 4, while they are less influenced by changes 
in λ when Rd = 1.

3.5. Magnetohydrodynamic

Fig. 25 presents the influence of the Hartmann number and the 
inclination angle across a range of Rayleigh numbers on the average Nu 
number, with other parameters held constant. It is clear that the influ
ence of MHD is only noticeable at high Ra numbers, where an increase in 
Ha number decreases the value of average Nu. On the other hand, 
increasing the inclination angle increases the value of average Nu at a 
constant Ha number. Furthermore, the influence of the Ha number and 
the inclination angle on the isotherms can be seen in Fig. 26. The iso
therms are enhanced with an increase in the inclination angle. The same 
behavior is observed in Fig. 27 for the streamlines, where the strength of 

the streamlines increases with an increase in the inclination angle. The 
reason for this is the change in orientation of the MHD field and, ac
cording to the right-hand rule, the Lorentz force causes the streamlines 
to spread in different directions.

3.6. Entropy production

Fig. 28 shows the variation of total entropy generation (Stotal) and 
Bejan number (Be) with Rayleigh number at different values of Darcy 
number. As Ra increases from 103 to 106, there’s a significant increase in 
total entropy generation for all Da values. For Da = 10− 5, Stotal increases 
from 7.2196 at Ra = 103 to 3074.6 at Ra = 106, a dramatic increase of 
about 42,500 %. This trend is consistent across all Da values, indicating 
that higher Ra leads to more irreversibilities in the system. At low Ra 
(103), the effect of Da on Stotal is minimal. The difference between Stotal 
for Da = 10− 5 and Da = 10− 3 is only about 0.48 %. As Ra increases, the 
impact of Da becomes more pronounced. At Ra = 106, Stotal for Da =
10− 3 (4529) is about 47.3 % higher than for Da = 10− 5 (3074.6). Higher 
Ra causes an increase in total entropy generation due to increased ir
reversibilities resulting from increased fluid motion and heat transfer. A 
higher Da value indicates that the porous medium has higher perme
ability, facilitating fluid flow. This increased flow results in greater 
friction and mixing, leading to higher entropy generation, particularly at 
high Ra where convection dominates. As Ra increases from 103 to 106, 

Fig. 23. Effect of radiation parameter (Rd) on isotherms. (λ = 1, Da = 10− 3, φ = 0.02, AR = 0.3).
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there’s a significant decrease in the Bejan number for all Da values. For 
Da = 10− 3, Be decreases from 0.93814 at Ra = 103 to 0.020441 at Ra =
106, a reduction of about 97.8 %. This trend is consistent across all Da 
values, indicating that the relative importance of heat transfer irre
versibilities decreases at higher Ra. At low Ra, heat transfer dominates, 
resulting in high Be values. As Ra increases, fluid friction becomes more 
significant, leading to a decrease in Be. The complex relationship be
tween Da and Be at high Ra suggests an optimal permeability where heat 
transfer irreversibilities are maximized relative to fluid friction 
irreversibilities.

Fig. 29 presents contours of local entropy generation for various Ra 
and Da. The contours provide a spatial distribution of entropy genera
tion within the enclosure, with Smax and Smin representing the highest 
and lowest local entropy generation rates, respectively. As Ra increases 
from 103 to 106, the contours show increasingly intense regions of high 
entropy generation. For Da = 10− 5, the peak intensity in the contours 
increases from 1886.5 at Ra = 103 to 1.27E+05 at Ra = 106, indicating a 
dramatic intensification of local irreversibilities. The contour patterns 
show a transition from more uniform distributions at low Ra to highly 

localized hot spots of entropy generation at high Ra. At Ra = 103, the 
contours for different Da values are similar, with only slight variations in 
peak intensity (1886.5 for Da = 10− 5 vs. 1874.6 for Da = 10− 3). As Ra 
increases, the contours for higher Da values show more intense localized 
regions of entropy generation. At Ra = 106, the peak intensity for Da =
10− 3 (2.19E+05) is significantly higher than for Da = 10− 5 (1.27E+05).

4. Conclusions

This study presents novel insights into the radiation influence on free 
convection in a cavity filled with a hybrid nanofluid and attached to a 
porous fin under the combined effects of magnetohydrodynamics and 
thermal radiation. The most important results are concluded as:

1. Flow and heat transfer characteristics: The streamlines and isotherms 
are enhanced with an increase in Ra. Furthermore, the average Nu 
value also increases with increasing Ra. The average Nu value in
creases with increasing volume concentration and radiation 

Fig. 24. Effect of heat generation parameter (λ) on isotherms. (Rd = 1, Da = 10− 3, φ = 0.02, AR = 0.3).

Table 4 
Average Nusselt number results under the effect of radiation parameter at different value of Ra. (Da = 10− 3, φ = 0.02, AR = 0.3).

Rd = 1 Ra = 103 Ra = 105 Ra = 106 λ = 1 Ra = 103 Ra = 105 Ra = 106

λ = 1 Nuavg= 5.359 Nuavg=7.560 Nuavg=12.396 Rd = 1 Nuavg=5.359 Nuavg=7.560 Nuavg=12.396
λ = 2 Nuavg=8.622 Nuavg=11.312 Nuavg=17.205 Rd = 2 Nuavg=5.027 Nuavg=7.247 Nuavg=12.002
λ = 3 Nuavg=11.884 Nuavg=14.849 Nuavg=21.746 Rd = 3 Nuavg=4.818 Nuavg=7.064 Nuavg=11.596
λ = 4 Nuavg=15.145 Nuavg=18.264 Nuavg=26.194 Rd = 4 Nuavg=4.650 Nuavg=6.899 Nuavg=11.484
λ = 5 Nuavg=18.407 Nuavg=21.608 Nuavg=30.605 Rd = 5 Nuavg=4.528 Nuavg=6.750 Nuavg=11.458
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parameter. However, the increase in average Nu due to the Rd 
number is greater than the effect of ϕ.

2. Critical Darcy number discovery: The influence of the Da number is 
only noticeable at high Ra numbers, where a critical Da value was 
discovered beyond which increasing Da decreases the average Nu 
value at high Ra numbers and vice versa for low Ra numbers.

3. Contrasting effects of radiation parameters: The radiation parameter 
(Rd) increases the average Nu value and also enhances the stream
lines. In contrast, increasing the radiation parameter (λ) [leads to a 
drop in average Nu and decreases the strength of streamlines.

4. MHD and inclination angle effects: Increasing Ha decreases the 
strength of the streamlines and hence reduces heat transfer. How
ever, increasing the inclination angle increases heat transfer and 
streamline strength.

5. Entropy generation analysis: Our comprehensive entropy generation 
study revealed complex interactions between system parameters and 
irreversibilities. Entropy generation generally increases with Ra, but 

the relative contributions of heat transfer and fluid friction to total 
entropy generation vary significantly with other parameters.

6. Future work: This study opens up several avenues for future research. 
Experimental validation of our numerical results could provide 
further insights and confirm the observed phenomena. Extending the 
analysis to transient conditions would offer valuable understanding 
of system behavior during startup or under fluctuating conditions. 
Advanced nanofluid models incorporating Brownian motion and 
thermophoresis could refine our understanding of nanoparticle 
behavior. Formal optimization studies could determine ideal 
parameter combinations for specific applications.
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Fig. 26. Isotherm contour with varying γ and Ha at Ra = 105, Da = 10− 3, φ = 0.02, and AR = 0.3.
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Fig. 27. Streamlines contour with varying γ and Ha at Ra = 105, Da = 10− 3, φ = 0.02, and AR = 0.3.

Fig. 28. Total entropy generation and Bejan number variation with Ra at different value of Da (for γ = 0, Ha = 10, φ = 0.01, and AR = 0.4).
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